
Witt vectors, lambda-rings, and arithmetic jet spaces. Copenhagen, 2016.

Exercises for week 5.

(1) Show that the Verschiebung map Vp : W pRq Ñ W pRq descends to a map
WnpRq Ñ Wn�1pRq (also denoted Vp) and induces an exact sequence

0ÝÑWnpRq
Vp
ÝÑWn�1pRqÝÑRÝÑ 0.

Use this to show that the canonical map WnpRqr1{ps Ñ WnpRr1{psq is an
isomorphism.

(2) Show that the m-th ghost component map wm : WnpRq Ñ R is integral,
which is to say that every element of the codomain R satisfies a monic
polynomial with coefficients in the image of wn. Using this, show that the
ghost map WnpRq Ñ Rr0,ns is integral. (Hint: recall that the sum of two
integral elements is integral.)

(3) Prove the universal identity VppxqVppyq � pVppxyq. Use this to show that
the kernel of the map Fp bWnpRq Ñ Fp b R is nilpotent. Can you find a
similar formula for V i

p pxqV
j
p pyq?

(4) Combine the questions above to show that the ghost map induces an inte-
gral morphism

º

r0,ns

SpecR � SpecRr0,nsÝÑ SpecWnpRq

of schemes, which is an isomorphism away from p. Show that modulo p,
this morphism can be identified with the projection

º

r0,ns

SpecFp bRÝÑ SpecFp bR,

at least if we work modulo nilpotent elements. Conclude that the ghost
map º

r0,ns

SpecRÝÑ SpecWnpRq

is surjective. Thus one might say that, as a topological space, SpecWnpRq
looks like n� 1 copies of SpecR glued together modulo p. Draw a picture
of SpecW1pZrxsq.

(5) For any a P R, show that the canonical map WnpRqr1{rass Ñ WnpRr1{asq
is an isomorphism, where ras � pa, 0, 0, . . . , 0qδ P WnpRq denotes the Te-
ichmüller representative of a.
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