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Summary

In this article, the subsamplingmethod of Carlstein (1986)is usedto estimatethe risk
of prediction for time seriesdata. First, we extend Carlstein's result by proving strong
consistencyof the subsamplingestimator. Second,we proposea procedure of selecting
a time seriesmodel empirically from a set of possibly nonnestedand misspeci ed mod-
els by using estimated risk of prediction as a selectioncriterion. Speci cally, when this
procedureis applied to the selectionof the order of an autoregressie model, it is shovn
to be a consisterh order selectorif an appropriate subsamplesizeis chosen. We propose
a practical model selectionprocedurewith a commonsubsamplesize chosenby Hall and

Jing (1996)'s procedure.

Somekey words Autoregressie model; Mean squarederror of prediction; Model selec-

tion; Subsampling;Threshold autoregressie model.

1. Introduction

The subsamplingmethod is rst proposedby Carlstein (1986)asa tool for estimating
parametersof the sampling distribution of a statistic computedin a samplefrom a sta-
tionary process.Speci cally, he usedthis method to estimate the variance of a statistic.
Let f X0 1 be a sequenceof random variables, which is not necessarilystationary and
Xn = (Xq1;Xy; ¢¢¢; X ) be a samplefrom it. Let F[" denotethe ¥zalgebrageneratedby

fXi;n- i - mgandde ne the strong mixing coexcient of f X.g; 1 by



®&k)=sup sup jP(A\ B)i P(A)P(B)]:
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The sequencé X.g; ; issaidto bestrongmixing if ®k) ! Oask! 1 . Thesubsampling
method is descriked asfollows. Let f,, : R" ! R be a measurablefunction and suppose
we would like to estimate @ , := Eff, (X,)g. Let X} = (Xj+1;Xis2;00¢ X,x) be a
subseriesof fXg: 1 starting at Xj.;. Write fi = fk(XL). Let fb,g be a sequenceof
positive integerssuh that b, ! 1 asn! 1 . Then the nonoverlapping and overlapping
versionsof the subsamplingestimator of 2 |, with the subsamplesizeh, are de ned to be
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respectively, wherek, = [n=ky] and N, = nj b,+ 1. The subscriptn of b, in the left hand
sidesof the above de nitions is suppressedor notational simplicity. A characteristic of the
subsamplingmethod is that it doesnot require any knowledgeof the speci ¢ structures of
time seriesother than its asymptotic stationarity and strong mixing property. Carlstein
(1986) proved L ,-consistencyof the nonoverlapping subsamplingestimator whenf X g 1
is a stationary and strong mixing process. Consistencyof the overlapping subsampling
estimator will be preserted in Section1. In general, the overlapping version is more
excient than the nonoverlapping one; seePolitis and Romano (1993). For this reason,
the focusin this paper is certred on the overlappingversion. In the following, é‘n;b denotes
the overlapping subsamplingestimator é\ﬁf’%

For somestandard examples,2 , hasan expansion
R R CT

wheref a,g is a sequencef positive integerssud that a, ! 1 . When the constart 2 is

known, useof the extrapolation

H 1
ay ady
a.‘n;b = 1j a a + aé\n;b

is more sensiblethan that of é\n;b. This was proposedby Hall and Jing (1996). They call
this method “samplingwindow' method and shawved its secondorder correctnessfor the

caseof estimating the sampling distribution of a function of the mean. The sametype of
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extrapolation was investigatedfully in Bertail (1997). When 2 is an unknown constart,
an extrapolation basedon two subsamplingestimator 4\,1;”1 and 4\,1;”2 is possible. This
kind of extrapolation was investigated by Bickel, GAtze and van Zwet (1997) for the m
out of n bootstrap.

The purposeof the presen paper is two-fold. First, we establish consistencyof the
subsamplingestimator in a generalsetup. In Section 2 we extend Carlstein's result on
L ,-consistencyof the subsamplingestimator to a classof nonstationary processesand
prove its strong consistency Second,we apply the subsamplingmethod to the model
selectionin time seriesanalysis. In Section3 the subsamplingmethod is usedto estimate
the risk of prediction in time seriesdata. Section4 is dewted to explaining a procedure
of selectinga subsamplesize. In Section5, we usethe estimated risk of prediction as a
model selectioncriterion. Speci cally, we prove that this criterion is a consistet order
selectioncriterion for an autoregressie processf an appropriate subsamplesizeis chosen.
In Section6, a practical model selectionprocedureis de ned by specifying how to choose
a subsamplesize,and results of simulation studieson this procedureare preserted.

A related method is the blockwise bootstrap of Kédnsd (1989) and Liu and Singh
(1992). The useof the blockwise bootstrap for estimating the risk of prediction would be

investigatedelsewhere.

2. Consistencyof subsamplingestimator

In this sectionwe establish consistencyof the subsamplingestimator. We make the
following assumptions.

Assumption Al. There exists? 2 R sud that

(i1 2,! 2 asn! 1;
Ni 1 .
(i) Nit E(fy)! 2 asn! 1 ,forany fb,gwith b,=n! O:
i=0
Assumption A2. There exist constarts C; > 0 and° > 3sucthat E jf| |- Cy, for

everyi = 0;1;¢¢¢and k = 1; 2; ¢¢¢:

Assumption Al resenbles Assumption A in Politis, Romano and Wolf (1997). If



f X0 1 Is stationary or asymptotically stationary, Assumption Al(ii) trivially follows

from A1(i). The next theoremis about L,- and strong consistencyof d\n;b.

Theorem 1 LetfX.g: 1 be strong mixing.

(@) Supmse Assumption Al holdsand that f(f!)?i = 0;1;¢¢¢;N, | 1;n = 1;2;¢¢% is
uniformly integrable. If b, = o(n), then 4\n;b Il 2 inL, asn! 1.

(b) SupmseAssumption Al and A2 hold and that ®&k) - di *exp(j dk), k = 1;2; ¢¢¢ for
somed > 0. If b, = o(n*) for some0< +< (°j 3)=°i 1), then®,,! 2 almostsurely,

asn! 1:

Theorem1(a) is an extensionof Theorem2 in Carlstein (1986)for a stationary process

to a nonstationary process.

3. Estimation of the risk of prediction

In this sectionwe considerthe estimation of the risk of prediction by subsampling.In
the following, for the sake of simplicity, we assumethat f Xg; 1 is not only strong mixing
but also stationary. But all the results cortinue to hold under someextra conditions
without assumingstationarity.

Let Xni1 = gn(Xn) be a predictor of X,..; basedon X,, whereg, : R" ! R is
measurable. Let PMSE,, = E()?nﬂ i Xn+1)? be the mean squarederror of predictor
Xh1 and let )@i(l)bn = O 1(Xih1i 1) be the predictor of X;,, basedon the subsample
(Xi+1; Xis2; €CC Xt p,; 1). The (overlapping versionof) subsamplingestimator of PMSE,
is given by

(0) 1 ) "2

Nx( i
PHISEn,, = NIt~ XU i Xiew, (1)

i=0
whereN, = nj b, + 1. The next theoremis an immediate consequencef Theorem 1.
Theorem 2 Assumethat PMSE,! %% for some%% > 0, asn! 1 .
(a) Assumethat f (X1 | Xn+1)*dn 1 is uniformly integrable. If b, = o(n), then
PMISES, | %in Ly asn! 1.
(b) Assumethat &k) - d Yexp(i dk), k = 1;2; ¢¢q for somed > 0, and
E3j Xoe1 i Xnat j* - Cy for some° > 3and C; > 0. If b, = o(n*), for some

O0<£< (°j 3)=°i 1), then Pr\j/ISEff,g,n | 3% almostsurely,asn! 1.
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Remark 1. Apparertly, Theorem 2 can be extendedto a more generalform of predic-
tion risk. Sudt generalizationsinclude the h-step (h > 1) aheadprediction and the loss
function which is asymmetricin prediction error around zero.

From Theorem?2, advantagesof this method areapparen. First, the method canapply
to a generalform of predictor Xn.1 = gn(Xn). Second,for the subsamplingestimator to
be consisten, requiremerts on the data generatingprocess(DGP) are only stationarity
and a condition on the mixing coexcient of the process.Up to now, it has beenshown
that the classof stationary and strong mixing processesortains a wide variety of linear
and nonlinear processegcf. Doukhan, 1994, chapter 2). Thus this secondcharacteristic
of the method allows usto estimatethe risk of predictor even whenthe model being used
is misspeci ed.

Seweral methods of estimating the mean squarederror of prediction are reviewed in
Bhansali(1992). Somemethods requirethat the DGP be an autoregressie or autoregres-
sive moving averagemodel of known order (Fuller and Hasza,1981,Ansley and Newbold,
1981, and Stine, 1987). Someother methods require that the DGP be a linear process
(Hannan and Nicholls, 1977, Shibata, 1980,and Bhansali, 1992). But, to the knowledge
of the presen author, there seemso be no literatures on the estimation of the risk of a
predictor whenthe DGP belongsto a wider classthan the classof linear processes.

A disadwantage of this method is that PI‘E'/ISEn;bn hasa bias asan estimator of PMSE,,;
see(2). A possiblesolution to it is a type of extrapolation which was investigated by
Bickel, Gétze and van Zwet (1997)for the caseof independerily andidentically distributed
randomyvariables. Their method extrapolatesan estimator from two “m out of n bootstrap'
estimatesobtained by putting m = ng and m = n;, whereng; n; = o(n), and the same
idea can be applied to subsampling. Howewer, from our experienceof a simulation study
on our problem, this extrapolation sometimesproduceserroneousestimatesdependingon

valuesof ny and ny, sothat we do not useit in this paper.

4. Choice of subsamplesize

An apparert obstaclein implemerting the subsamplingmethod is the choice of the

subsamplesize.Let 2 , = Eff,(X,)g bethe quartity of interest and é\n;b be its subsam-



pling estimate using a subsamplesizeb. When the optimal subsamplesizeis b » Cn*,
wherex 2 (0; 1) is a known real number, the following method is considered.
1. Fix m < n. Compute subsampling estimate d\n;m from the ertire data set

(X1; X5 €¢¢;, X ). 2. For eadh b< m, estimate the meansquarederror of d\m;b by

niyn+1 .
(é\ f]'q)b i é\n;m )2;
i=1

MSE(E np) := (N m+ 1)it

whereé\ﬂgb is the subsamplingestimate of 2 ,, computed from (X;; Xi+1; ¢¢¢ Xy m; 1),
using the subsamplesizeb. 3. Selectthe value of b, say f,, which minimizes MSE(®' .,).
Take ), = (n:m)iﬁn as an estimate of the optimal subsamplesize.

This method of selectinga block length was proposedby Hall and Jing (1996) for the
sampling window method, and a similar method was usedin Hall, Horowitz and Jing
(1995) for the blockwise bootstrap. Politis et al.(1997) suggestedhat this method can
be usedto selecta subsamplesizein the subsampling. In the rest of the paper, we call
the procedurede ned by 1 to 3 above Hall and Jing's procedure.

In order to usethis method, it is necessarnto evaluate the meansquarederror of the
subsamplingestimator. In the next theorem, we obtained the form of the bias and the

variance of the nonoverlapping subsamplingestimator of PMSE,:

13 4

(no) _ . 1kx' (ibn) . 2,

PHMISE,,, = ki, X e i Xy
i=0

Theorem 3 LetfX.g: 1 be a stationary strong mixing sequen@. Assume

3

0) E j)@nﬂ i Xns1j <c<1;n=12¢¢ for somec, > 0and® > 4;
n (0]
(i) var (>/<\n+1 i Xn+1)2 I ¢c; asn! 1, for somec, > 0,
n (0]
Gi) cov (RO i Xna)ZRMD 1 Xone2)? ! c asn! 1, for somecs 2 R,
b3 o giie
(iv) k)TN < 1
k=1
(vy PMSE,=%+nY +o(n'?) for some¥, > 0and” 2 R;
(vi) by = o(n):
Then
1

(no) (no)

H H
bias PMISE,,, = E PWISE,, i PMSE,



Cibj* + o(th); 3 @)
H (no)ﬂ 72 (no) (no) /42

var PMISE,,, E PWSE,, i E(PMSE,;)

Cohni T+ o(b,ni Y); (3)

where C; 2 R is a constant and C, is a positive constant, which do not degend on n and

b,. Assume,in addition

(iv)° ®&K) - Cki ¥4 for everyk = 1;2; ¢t¢;
V)°  PMSE, = %+ n ¥ + O(n' *?);
vi)° b, A n¥

wheee C is a positive constant. Then

H H P
mse PMISE", = E PMSEy i PMSE,
= Coyni '+ Csbi 2+ o(byn * _ 1, ?): (4)

for somepositive constant C3, where a__ b:= max(a;b).

In fact, the form of the bias (2) is obtained from condition (v) only, without assuming
()-(iv). Condition (ii) statesthat the covariance of squaredprediction errors computed
on adjacert nonoverlapping subsamplescorvergesto a constart. For the caseof the
prediction basedon tting an AR model of a Tnite order, conditions (i)-(v), (iv)°and (v)°
are ful lled; seeAppendix 2.

It isreadily shavn that if (4) holdsthe optimal subsamplesize,in the senseof minimum
mean squarederror, for the nonoverlapping subsamplingestimator is b, » Cn'=, where
the positive constart C doesnot depend on n and b,. Thus we can useHall and Jing's
procedurewith += 1=3.

For the overlapping subsamplingestimator, it seemsditcult to derive the form of
asymptotically optimal subsamplesize. Let PNPISEE:Z,n be the overlapping subsampling
estimator of PMSE, de ned by (1). It is easyto seethe bias of PI‘?/ISEE,?E,n is the sameas

(2). If the data generatingprocess(DGP) is an AR(poy) processand a predictor basedon

the AR(p) model, wherep, po, is used,then
Y © Ya
var PMISE,, = Cyni’+ o(ni?h); (5)



where a positive constart C, dependson p and po; seeAppendix 2. We are not able to
obtain an expansionof the mean §/9uarederr%}4r of PWISESZ,” becauseof the ditculty in
deriving a further expansionof var PRJ’ISEE:?E)n . Howe\er, it is apparert that the optimal
subsamplesize for the overlapping subsamplingestimator is di®erert from that for the
nonoverlapping subsamplingestimator. This is a clear cortrast to the result of Politis
and Romano (1993). It can be readily seenfrom their results that for estimation of the
variance of a "generallinear statistic', in their sensethe order of optimal subsamplesize
for the overlapping and the nonoverlapping subsamplingestimators are the same. The
reasonfor the di®erencen theseordersof optimal subsamplesizein our problem is that

the squarederror of prediction is asymptotically a function of only a xed number of

obsenations in the end of a samplewhen a Markov model such asan AR model is used.

5. Model selection

Theorem 2 leadsto the idea of using the estimatedrisk of prediction by the subsam-
pling asa model selectioncriterion. In this paper, a set of modelsis said to be “correctly
speci ed' if it cortains the true model and "misspeci ed' if it doesnot. Supposewe would
like to selecta model from a nite setof modelsM = fM;M,; ¢¢¢; M g basedon their
predictive power. The candidatemodelsM 1; M; ¢¢¢; M may be nestedor nonnested.and
correctly speci ed or misspeci ed. Let X,,(M) be a predictor constructedfrom the model
M 2 M, PMSE,(M) := EfXp:1 (M) i Xni 0% and PHISE,;, (M) be the overlapping
subsamplingestimator of PMSE,(M ). Sincethe subsamplingestimator PWISEn;bn(M)
consistenly estimatesPMSE,(M) for eacr model M 2 M and no model assumptions
are required for this result to be valid, it providesa natural meansof comparingdi®eret
models.

In the rest of this section,we provide a theoretical justi cation of this model selection
procedurefor a simple casethat the DGP is an autoregressie processof a nite order
and the candidate models are correctly speci ed. Supposef X gL .2 is adoubly in nite

sequenceof random variablesgeneratedfrom AR(py) process

We make the following assumptions:



AssumptionB1. 1; i o, ®Z' 6 0 for every complexnumber z with j zj- 1

AssumptionB2. "; isindependerily, identically, and symmetrically distributed around
zerowith nite variance.

AssumptionB3(s). E(j"¢j%) < 1 for somes, 2.

Assumption B4. The distribution of "y hasan absolutely cortinuous componert.

Assumption B5(p). Efk {‘g Y(p)k?g (k = 1;2; ¢¢¢; ko) is boundedfor n | ng for some
ko and ng, where {'n(p) = (nj p) 1P MAX XS and Xep = (X3 Xy 13 006 Xy per)C
Here the matrix norm for A is de ned by kAk = sup(” ?A°A™), where sup is taken over
all vectorssatisfyingk k - 1.

Remark 2. Fuller and Hasza(1981) shoved that Assumption B5 is satis ed if f X g 1
is a Gaussianprocess.

Remark 3. If AssumptionsB1, B2 and B4 are satis ed, the AR process(6) is geo-
metrically absolutely regular (Doukhan, 1994,pp. 99). Henceit is strong mixing and its
strong mixing coexcient satis es®Xk) - d texp(j dk); k = 1;2; ¢¢¢ for somed > 0.

Consider tting the AR(p) model to (X 1; X »; ¢¢¢; X ;) and predict X ,+1 by
)en+1 (P) = ®2(P)Xn + B 2(P) X 1+ COC+ &, (P)Xnj pr1s (7)

where®, (p) := f @, 1(p); ®n.2(p); ¢0¢; ®,,, (p)g° is given by
0 1.4
1

g 1
t=p t:p

Let PMSE,(p) = EfXns1 (P)i Xns1 g% bethe meansquarederror of the predictor X .1 (p).
It can be deducedfrom Theorem 3 and Corollary 6 of Kunitomo and Yamamoto (1986)
(hereafterreferredasKY) that if AssumptionsB1, B2, B3(s) and B5(p) are satis ed with
s = 32,then

PMSEq(p) = %(p;po) + n' ¥ (p;po) + O(n' 2); (8)

asn! 1 ,for some¥p;po) > 0and” (p;po) 2 R.

Let )@i(i)bn(p) be the predictor of X;.y, , obtained by tting the AR(p) model to the
subsample(Xi:1; Xi+2; ¢6¢; Xi,p,; 1). The subsamplingestimator of PMSE, (p) is given
by

 Niln (o))
PMISEqp, (p) = N * RO @1 Xivn 9)
i=0



whereN, = nj h, + 1. Consistencyof this estimator is given by the following.

Theorem 4 (a) Supmse AssumptionsB1, B2, B3(s), B4 and B5(p) hold with s = 20.
If b, = o(n), then PMISE,,. (p) ! ¥£(p;po) in L, asn! 1.

(b) SupmseAssumptionsB1, B2, B3(s), B4 and B5(p) holdwith s = 12° for someinteger
° 4. If b, = o(n*) whee O0< +< (°j 3)=(°i 1), then PMISE,,. (p) ! ¥&(p;po) almost

surely,asn! 1.

Now we de ne an order selectorfor an AR model. Assumethat the true order pg is
unknown but it is lessthan or equalto K. Theorem4 suggestghat PWISEn;bn(p) canbe

usedas an order selectioncriterion, i.e. selectp,,, , where
Bnb, = argmin PRISE,.,. (p):
1. p- K

In a nite sample,the AR(py) model may not be optimal, in terms of the meansquared
prediction error, amongAR modelsof nite order; seeKY. Howewer, it is asymptotically
optimal, namely there exists N sud that PMSE,(py) < PMSE,(p) forany n, N and
p 6 po. Thus it is desirablefor an order selectorto corvergeto the true order p, as

n! 1 . The next theoremis about the weak and strong consistencyof py., .

Theorem 5 Supmse AssumptionsB1, B2, B3(s), B4 and B5(p) hold for somes , 2
and for everyl- p- K.

(@) If s= 32andh, = o(n*¥®), then p,p, ! pPo in prokability asn! 1 .

(b) If s = 12° for someinteger® , 4 andh, = o(n*) whee 0< < (°j 3)=3° | 1),

then Pnp, ! pPo almostsurelyasn! 1.

Theorem5 statesthat P, corvergesto the true order of the processif b, satis esa
certain condition. Howewer, the conditions on b, required for the consistencyof p,,, do
not uniquely determinethe value of b, for givenn.

Note that the sameh, is usedin estimating every PMSE,(p), p = 1;2; ¢¢¢; K. Our
experiencein a simulation study showed that the distribution of p,.,, is much a®ected
by the value of by, and the characteristics of the DGP. In the next section, we proposea

method of choosinga subsamplesizefor the purposeof model selection.
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6. Simulation study

A simulation study was conductedto assessmall sampleproperties of the proposed
model selectionprocedure. In the rst simulation, samplesare generatedfrom an AR(2)
process:

DGP 1: Xi = 14X 10 08Xy 2+ "¢t

This model is from Bhansali (1981) and KY. Error terms f";g are independenly and
identically distributed standard normal random variables all through this section. The
set of candidate models consistsof autoregressie models of order 1 to 5 and thus it is
correctly speci ed. The mean squaredprediction error (PMSE) of the predictors were
computed by a Monte Carlo simulation. Those basedon AR models of order 1 to 5 for

samplesize50are2.79,1.04,1.07,1.09and 1.12respectively. Thusthe order 2 is optimal.
] Table 1 and 2 should be inserted around here |||

Table 1 preserts the distribution of the order selectorp,., with various valuesof sub-
samplesizeb. When b is between9 and 15, the optimal order 2 is selectedin more than
90% of samplesgenerated. The frequencyof underestimatingthe optimal order increases
as b gets smaller and that of overestimating increasesas b gets larger. Underestimation
should be avoided sinceit resultsin a sewere increasein the PMSE. Another important
point that is seenfrom Tablelisthat if an appropriate subsamplesize(9 - b- 15,in this
example) is usedto estimate eath PMSE of di®eren autoregressie order, the resulting
order selectorperformsvery well. This obsenation leadsto the following method of order
selection.

Stepl. Choosep; 2 f1;2;¢¢¢K g and m 2 f 1; 2; ¢¢¢; ng.

Step 2. Estimate the optimal subsamplesize for PRISE,, (p1) by Hall and Jing's
procedurewith m. The estimated subsamplesizeis denotedby Bh(pl).

Step3. Compute PMSE, 4 .\ (0), p= 1,2 ¢¢¢K .

Step 4. Selectp which minimizes PMSEH;%(pl)(p), p = 1;2;¢¢¢; K. The selectedp is
denotedby p,.

This procedureis generalizedto the model selectionfrom a generalset of candidate

modelsM = fMg1; Mj; ¢¢¢; M g asfollows.
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Step1°% ChooseM 2 fMy;M,; ¢¢¢My g and m 2 f 1; 2; ¢¢¢; ng.

Step 2° Estimate the optimal subsamplesize for PWISEn;bn(M) by Hall and Jing's
procedurewith m, where PHMISE,;,. (M) is the subsamplingestimate of the PMSE of the
predictor basedon the model M. The estimated subsamplesizeis denotedby &(M ).

Step3°. Compute PMISE, 4 ,(Mi), i = 1,2 66¢;K .

Step4°. Selectthe model M; which minimizes PWISEn;ﬁn(M)(Mi), I = 1,2;,¢¢¢; K. The
selectedmodel is denotedby M.

As was stated in the end of Section4, it is dizcult to choosean appropriate value
for £ in Hall and Jing's procedure. Se\eral values of + between 1=3 and 2=3 were used
in preliminary simulations and we found that the value £ = 0:40 works relatively well for
both the rst simulation and the secondsimulation which is descrited belov. Results
with £= 0:40 are presened in the following.

It should be noted that in the above procedureonly onevalue is chosenasa common
subsamplesize b and it is usedto compute PH’ISEn;b for every candidate model. This
meansthat candidate models are comparedin ead subsamplein terms of the squared
prediction error, and the model with the minimum squaredprediction error averagedover
all subsampleswill be selected. This interpretation makesthe proposedmodel selection
procedureintuitiv ely appealing.

Table 2 presents the distribution of p, with various valuesof (p;; m). The proposed
method avoidsseereunderestimationand its overall performanceseemso be satisfactory.

In the secondsimulation, samplesare generatedfrom a threshold AR process:

( .
i 0:14+ 010X 1+ "¢ 0f Xi1<i 02,

DGP 2: X = 0:80Xy 1+ "t if Xya, i 0:2.

Candidate models are autoregressie models of order 1 to 3 and threshold autoregres-
sive models of the form:

8
— < ®§L1)Xti 1t ®(21)Xti 2¢¢¢+ Gypl)xti p+ "t if Xti 1< O:Oa

X; =
CT @Ky @X o 000 @D X o+ " i X1, 00,

wherep = 1;2;3. Thesethreshold autoregressie models are denoted by TAR(p), p =
1;2; 3 in the following. Sincethe threshold value of candidate threshold AR models is

di®eren from that of the DGP, the set of candidate models doesnot cortain the DGP,
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i.e. it is misspeci ed and nonnested.Parametersof a TAR(p) model are estimatedby the
method of conditional least squares.A generalaccoun of threshold AR modelsis given
in Tong (1990). The PMSE of predictors basedon AR modelsof order 1 to 3 for sample
sizel00are 1.09,1.10and 1.11respectively, and those basedon TAR models of order 1
to 3 are 1.01,1.04and 1.06respectively. The TAR(1) model is optimal. For the sample
size200,thosePMSEsare 1.10,1.10,1.10,1.01,1.02and 1.04in the respective order and
the TAR(1) model is optimal.

The model selectionprocedurede ned by Step 1°to Step 4°is applied. In Step 1°and
Step 2° of the procedure,the TAR(p,) model is usedto choosea subsamplesize. Table
3 and 4 presen the distribution of model selectorsM,, respectively for the samplesize

n = 100and 200 respectively.
|| Table 3to 4 shouldbe inserted here||

Small sample properties of the order selectorsp,,, P, and the model selector M,
found in the above simulations are summarizedas follows.
(1) The distribution of P, dependson the value of b. The useof too small b resultsin
under tting and too large bresultsin over tting. The varianceof py., increasesasb gets
larger. (2) By usingHall and Jing's procedureof choosingthe value of b, p, and M,, avoid
sewere under tting and overtting. (3) Distributions of p, and M, depend on the DGP
and the samplesize. The more complexthe DGP is, the larger samplesizeis neededto

obtain a satisfactory large frequencyof selectingthe optimal model.

7. Conclusion

Most of known model selection criteria sud as Akaike information criterion and
Sdwarz information criterion are devisedto selecta model from a setof nestedcandidate
models. In practice, howewer, one often needsto selecta model from a set of nonnested
and possiblymisspeci ed candidatemodel. Recertly somemodel selectioncriteria are de-
veloped for the situation that candidate models are nonnestedand possibly misspeci ed;
seeKonishi and Kitagawa (1996) for independerly and identically distributed obsena-
tions and Sin and White (1996) for dependen obsenations. Sin and White showved that
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the penalizedlikelihood criterion is a consistetn model selectioncriterion if the penalty
term in the criterion satis es certain conditions on the rate of growth to in nit y. How-
ewver, how to selectan exactvalue of the penalty term in practice s still an open problem.
Also, their results are restricted to the casewhere parametersof a candidate model are
estimated by the quasi-maximnum-likelihood method. Yao and Tong (1994) proposeda
method of subsetselectionof stochastic regressordbasedon a cross-alidation method.
Their approat seemgo be extendableto the model selectionproblem consideredin this
paper and it will be investigated elsewhere.In Section 6 of this paper, we proposeda
model selectionprocedurebasedon estimated prediction risk, estimated by subsampling,
of a candidate model. Although we did not provide theoretical results except the case
that candidate models are AR models of nite order and the DGP is an AR model, the
simulation results shoved in a limited way usefulnessof the proposedprocedurefor the

model selectionin nonnestedand possibly misspeci ed candidate models.
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Appendix 1
Proofs

Proofs of theoremsare sketched below. The detailed proofs are available from the

author on request.
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Proof of Theorem 1(a). We have

3 Ngi 1Ngi 1 o
N2var €., - jeov(flifl)j
i=0  j=0
Bi I1Ngi 1 Nnjdibnixgbn  Nnxli b i+gni 1 Naklibn Nygil Ni 1 Nyi 1
= + + + +
i=0 =0 i=by =0 =t j=ii b+l i=bh  j=itbh  i=Nnjby =0

Al;n + A2;n + A3;n + A4;n + A5;n (Say);

where summandsare suppressedon the right hand side of the rst equality. Then a
modi cation of the proof of Carlstein (1986), Theorem 2 yields the result.2

A main tool for proving Theorem1(b) is an exponertial inequality of the sumof strong
mixing random variables. For a recent dewelopmen of this type of inequalities, we refer
Bertail (1997) and Bosq (1993). For a triangular array of strong mixing sequence®f
boundedrandom variables,Rhomari (1993) proved an exponertial inequality and derived
a ready-to-usecorollary for our purpose. Let f X,g; 1 be strongmixing and let h, : R™ !

R be a measurablefunction sud that
] hn(Xis1; Xisz; ¢¢¢;Xi+th) J- My and E fhy(Xis1; Xisz; ¢¢¢;Xi+th)g =0
for everyi 2 N. Then

Lemma 1 (Rhomari,1993)If b, < p, - N,=2, then

(?}xilh (Xis1; Xisz; 006 X )E N ! 4 | No )
r = i+1; Xi+2; C0C Xippy )=> " - exp i .
p - nAi+1 i+2 i+ by n p i 8Mn(4®'ﬁ;pnMn+ Pn )

Wy, T2

M,"2 N

+ 33 un _n@Xpnl b1)|
Pn
i bn

P
whee @}, = 1+ 2b, + 8 ®(i):

i=1
As is noted in Rhomari's paper, if P L1 ®i)<1,then®,, - ch for somec> 0.
Proof of Theorem 1(b). Let M,, = n , where” is a constart such that (° | 1)/ <~ <
(1i ¥=2. This is possiblebecauseof the assumptionon +. Let K be a constart such
that dK > 2+ "=2: Let p, = h, + K logn. Sincep, - N,=2 for suxciently largen, from
Lemmal, for any " > 0,
A = ! S - L)

pro = fe >N, - opr T fAIGfL j Mp)T> SN
i=0 i=0
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(j\b(il E n )

+ pr = fLIGTL > Ma)=> =N,
(° ) ?
N, "2 Hom, T3 N,
4 . _ .
P | Mz + Mg | oo v P B
(j\b(il 2

g il — i s - .

+ SNYE = fol(fy, J> Mp)= (10)

i=0
It is straightforward to show that the rst two terms in (10) are summable. It follows
from Hélder's and Markov's inequalitiesthat the third term is boundedby Cni i D for
someC > 0 and thusit is summablesince” (° j 1) > 1. Borel-Cartelli lemmacompletes
the proof. 2

The proof of Theorem 3 is straightforward and is omitted.

Proof of Theorem 4. (a). Let ®p) := f®(p); ®:(p); (1:(1:(1:;®p(p)g0 be the probability
limit of ®,(p). Dene Xnp = (Xn;Xn; 1;6¢¢ Xn; p+1)% and Xney = ®&pP)Xnp. Since
f X0 1 is causal (Brockwell and Davis, 1990, pp. 83), it follows from Theorem 2 of
von Bahr and Esseen(1965) and Theorem 4 of von Bahr (1965) that E(jXj°) < 1
for somes > 0 if E(j"j°) < 1 . Once we obsene that n)@,m(p)i Xn+104 Is bounded
by 23 hk®1(p) i ®P)KKX npk? + (X1 i Xn+1)4|, it can be readily shovn from Hélder's
inequality and LemmaA.2 of KY that f (Xn+1 (p) i Xn+1)*n. 1 is uniformly integrable.
Theorem 2(a) completesthe proof.

(b). Similar to the proof of (a). UseTheorem2(b).2

The next lemmawill be usedin the proof of Theorem5.

Lemma 2 SuppmseAssumptionsB1l, B2, B3(s), B4 and B5(p) hold for somes, 2.
(@) If s= 28and b, = o(n*3), then

PMISEns, (p) = ¥2(p;po) + B, ™ (p;po) + 0p(1, %): (11)

(b) If s = 12 for someinteger® , 4 andh, = o(n*) whee 0< =< (°j 3)=3° | 1),
then the remainderterm o,(kj,*) in (11) is replaed by o(b,*) almost surely.

Proof. (a). It is enoughto show that PWISEn;bn(p)i PMSE,, (p) = 05(b,%). First we
decommsethe variance of PRISE,.,, (p) into the v e terms which are similar to thosein

the proof of Theorem1(a). Sdwarz's and Davydov's inequalitiesyield the result.
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(b) Similar to the proof of Theorem1(b).2
Proof of Theorem 5. (a). Let p < po. Then it follows from Theorem 3 of KY that
limpy  fPMSE,(p) i PMSEn(po)g = ¥2(p;po) i ¥4(po;po) > 0. Thus it follows from

Lemma2(a) that
n [0}
pr PRMISEyp, (Po) i PMISEw, () >0 ! O (12)

Next, let p, po. From the proof of Theorem4 in KY, it is easilyseenthat if Assumptions

B1, B2, B3(s) and B5(p) hold with s = 32,then for p, po
lim nfPMSEq(p+ 1) i PMSE(p)g= &’ &

wherea is a nonzeroconstart andits form is givenin KY, andj isthe variance-c@ariance
matrix of (Xq; X2; ¢¢¢; X ). Sincej is positive de nite anda 6 0, a% a> 0. This implies
that ¥%(p;po) = ¥%(po; Po) and “ (p;po) > ~ (Po; Po) for p > po. Again, by Lemma 2(a), it
is readily shavn that (12) holds. Therefore

) ] X n (0]
prj Prpn i Poj> ") - pr PMISE, (p) < PMISEn,, (Po) ! O
‘06 o
asn! 1.
(b) Similar to (a).2

Appendix 2
Additional results

The proofs of Theorem6 and 7 are omitted and are available from the author.

Theorem 6 Lethtgtlzil ke an AR process(6) satisfying AssumptionsB1, B2, B3(s),
B4, B5(p) with s = 20+ " for some" > 0. Let Xn:1 = Xns1 (p) be dened by (7). Then

conditions (i)-(v), (iv)°and (v)° of Theorem 3 are satis ed.

Theorem 7 Let thgtlzil be an AR(po) process,whee pg is nite, satisfying Assump-
tion B1, B2, B3(s), B4 and B5(p) with s = 20. Let PISE,.,, (p) be dened asin (9). If
p, po, then

n 0
var PMISE,,. (p) = Csnit+ o(niY); (13)
wheee C, is a positive constant.
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Table 1: Distribution of the order selectorp,., for AR model w ith various subsample
sizesb. Samplesof sizen = 50 are generatedfrom the D GP 1. Number of simulation is
500.

n= 50
SelectedAR model order

b 1 2 3 4 5
7 26.4 73.6 0.0 0.0 0.0
8 10.4 89.6 0.0 0.0 0.0
9 3.6 96.4 0.0 0.0 0.0
10 2.4 97.4 0.0 0.0 0.0
11 1.4 98.2 1.6 0.0 0.0
12 0.2 98.2 1.6 0.0 0.0
13 0.8 95.4 3.8 0.0 0.0
14 0.6 94.6 4.4 0.4 0.0
15 0.2 93.4 6.2 0.2 0.0
20 1.6 83.8 10.4 3.0 1.2
25 1.2 78.4 13.4 54 1.6
30 2.8 67.8 16.6 8.4 4.4
35 4.2 57.6 17.0 12.4 8.8
40 8.4 48.2 19.6 12.4 11.4

Table 2: Distribution of the order selectorp, for AR model with variousvaluesof (p;; m).
Samplesof sizen = 50 are generatedfrom the DGP 1. Number of simulation is 500.

n=>50
SelectedAR model order
(p1; M) 1 2 3 4 5
(1,10) 0.4 95.2 4.0 0.4 0.0
(1,20) 1.4 93.8 3.6 0.8 0.4
(2,10) 0.6 89.4 8.2 1.6 0.2
(2,20) 0.8 87.8 8.8 2.0 0.6
(3,10) 1.2 87.2 8.6 2.6 0.4
(3,20) 0.8 82.4 11.0 4.4 1.4
(4,10) 0.4 79.8 14.6 4.0 1.2
(4,20) 1.2 79.2 13.6 4.2 1.8
(5,10) 2.0 75.8 12.4 6.8 3.0
(5,20) 1.2 77.6 14.0 5.2 2.0
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Table 3: Distribution of the model selectorM,, with various value s of (p;;m) . Samples
of sizen = 100are generatedfrom the DGP 2. Number of simulation is 500.

n= 100
Selected model
AR model order TAR model order

(p1; m) 1 2 3 1 2 3
(1,40) 39.6 2.4 1.6 53.6 2.6 0.2
(1,60) 31.8 3.0 2.4 60.4 1.6 0.8
(2,40) 21.4 4.6 3.0 64.0 4.8 2.2
(2,60) 20.6 4.2 2.0 64.0 7.4 1.8
(3,40) 16.2 5.2 2.2 65.0 8.6 2.8
(3,60) 16.8 4.8 2.0 65.4 8.0 3.0

Table 4: Distribution of the model selectorM, with various value s of (p;;m) . Samples
of sizen = 200are generatedfrom the DGP 2. Number of simulation is 250.

n= 200
Selected model
AR model order TAR model order

(py; m) 1 2 3 1 2 3
(1, 50) 20.8 0.8 0.4 76.0 2.0 0.0
(1,100) 14.0 0.0 0.0 82.0 3.6 0.4
(2, 50) 7.2 0.0 0.8 87.2 4.4 0.4
(2,100) 4.0 0.4 0.8 85.6 7.6 1.6
(3, 50) 4.8 0.8 1.2 85.6 6.4 1.2
(3,100) 4.4 0.4 1.2 82.4 10.0 1.6
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