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Abstract

Johnstone& Silverman (1997) described a level-dependent thresholding method for
extracting signals from correlated noise. The thresholds were chosen to minimize a
data based unbiased risk criterion. Here we show that in certain asymptotic mod-
els encompassingshort and long range dependence,thesemethods are simultaneously
asymptotically minimax up to constants over a broad range of Besov classes.We in-
dicate the extension of the methods and results to a classof linear inverseproblems
problems possessinga wavelet vaguelette decomposition.

1 In tro duction

Supposethat we are given n samplesfrom a function f observed with noise:

Yi = f (t i ) + ei ; i = 1; : : : ; n; (1)

with t i = (i ¡ 1)=n and ei drawn from a stationary noiseprocess.Johnstone& Silverman
(1997) (JS below) discusseda number of wavelet thresholding prescriptions appropriate to
estimation of f in the presenceof correlated noisee.

In particular, they described and illustrated a method for estimating thresholds from
the data based on an unbiased risk estimate. In addition they intro duced a family of
asymptotic models encompassingboth short and long range dependenceand argued that
the good asymptotic properties (near adaptive minimaxit y) of wavelet threshold estimators
are una®ectedby the presenceof correlations of thesetypes.

The purposeof this paper is to describe the proof of this adaptive minimaxit y result
for the unbiasedrisk basedthresholding estimates. Even in the i.i.d. error case,the proof
given here is a simpli¯cation and correction of that given in Donoho & Johnstone (1995),
for example the technical deviceof random half samplesusedthere is now avoided.

As an asymptotic model encompassingsituations of both short and long range depen-
dence,we adopt the setting usedin JS. We provide somedetails on the decorrelating e®ect
of the wavelet transform { for example long range dependent errors are converted in the
wavelet domain into ½¡ mixing sequencesin our model. We then show how the large devi-
ation inequalities of Bosq (1993) for ®¡ mixing sequencesmay be exploited to show MSE
consistencyof the empirical threshold choices.
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It turns out that certain linear inverseproblems possessa structure (captured in the
wavelet vaguelette decomposition of Donoho (1995)) that allows many of the methods and
ideasto be carried over from the regressionwith correlated noisesetting. We describe this
in brief fashion in the concluding section.

1.1 Basic de¯nitions and notation

We ¯rst establishsomenotation and recall the de¯nition of SURE thresholding for observed
data. Let W be a periodic discrete wavelet transform operator (in practice implemented
with a fast cascadealgorithm), and let Y be the n-vector of observations Y1; : : : ; Yn . We
supposethat n = 2J for someJ . Write

wj k = (WY) j k j = 0; 1; : : : ; J ¡ 1; k = 1; : : : ; 2j (2)

with the remaining element labelled w¡ 1. Let µ = Wf be the corresponding wavelet
transform of the signal f = (f (t i ))n

i=1 , and z = We be the transform of the noise.
To construct the estimator, de¯ne ´ S to be the soft thresholdfunction

´ S(w; ¸ ) = sgn(w) (jwj ¡ ¸ )+ : (3)

If the noiseprocesse is stationary, then soare the processesk ! zj k in the wavelet domain,
and so we denote their standard deviations by ¾j . Let ¸ j be a sequenceof thresholds to be
applied to the coe±cients at level j , and de¯ne µ̂ to be the estimator

µ̂j k = ´ (wj k ; ¾j ¸ j ):

Here ´ might be soft or hard thresholding, or somecompromisebetween the two, though
in this paper we focus on soft thresholding. We write µ̂ for the corresponding estimator of
µ, and set

f̂ = W T µ̂:

Under this formulation, allowing signal at low levels (j · L , say) through without thresh-
olding corresponds to setting ¸ j = 0 for the relevant j . At higher levels, where there is a
considerablenumber of coe±cients at each level and the signal µj k can be assumedto be
sparse,the noisevariance ¾2

j at each level can be estimated from the data. One possibility
is to usea robust estimator such as

¾̂2
j = MAD f wj k ; k = 1; : : : ; 2j g=:6745: (4)

where MAD denotesmedian absolute deviation from zero and the factor .6745 is chosen
for calibration with the Gaussiandistribution. Other estimates are of coursepossible, for
example mean absolute deviation. We do not dwell on the estimation of the variance; we
assumefor the rest of this paper that it has beencarried out, and treat ¾2

j as known.
We measure error in the L 2 sense,and de¯ne the risk measure of an estimator by

R(µ̂; µ) = Ekµ̂ ¡ µk2, where the norm is the usual Euclidean norm. Since the discrete
wavelet transform is orthogonal, the risk of an estimator will be the same as that of its
discrete wavelet transform and so risk results obtained in the wavelet domain carry over
directly to the original \time" domain.

As shown in Johnstone& Silverman (1997), the co-ordinatewisenature of thresholding
implies that the Stein unbiasedrisk estimate investigatedin the i.i.d. Gaussianerror setting

2



by Donoho & Johnstone (1995) remains unbiased, even in the presenceof correlation. To
be speci¯c, we temporarily consider a general multiv ariate normal model in which X »
Nd(µ; V ). Stein's method shows that the meansquarederror of an estimator µ̂ = X + g(X )
may be written

EkX + g(X ) ¡ µk2 = Ef tr V + kg(X )k2 + 2tr [V Dg(X )]g (5)

= Ef U(t; X )g;

say, where Dg(X ) denotesthe d £ d matrix with entries @gi =@x j (X ). In the caseof soft
thresholding at t, the kth component of g is

gk (x) =

8
<

:

¡ t xk > t
¡ xk jxk j · t
+ t xk < ¡ t

:

The key point is that thresholding operatesco-ordinatewise,so that gk is a function of xk

alone, and the matrix Dg in (5) is therefore diagonal.
If the covariance matrix V is homoscedastic,¾kk ´ ¾2. If ¾2 is unknown, it can be

estimated by ¾̂2 as de¯ned in equation (4). We will treat ¾ as known, and via rescaling
(x = X =¾) we may assumethat ¾2 = 1: The unbiased risk criterion is then obtained by
substituting the properties of g:

U(t) = d +
X

k

(x2
k ^ t2) ¡ 2I fj xk j · tg; (6)

which is identical to that used in the i.i.d. case.We therefore proposetaking

t̂(x) = argmin0· t ·
p

2 log d Û(t): (7)

As explained in Donohoand Johnstone(1995) this minimization can easilybe accomplished
in O(d logd) time.

For `small' sparsesignals,the noisecoordinatescanswamp the signalcoordinates in their
contribution to the SURE criterion. The behaviour of t̂ can be erratic, so one alternativ e
is to retreat to the use of higher, `¯xed' thresholds tF : For further details, seeDonoho
& Johnstone (1995). The pretest comparesan unbiased estimate of kµk2, namely s2

d =
d¡ 1 P d

1 x2
k ¡ 1, to a threshold ° d:

~t(x) =
½ p

2logd s2
d · °d

t̂ (x) s2
d > °d

: (8)

Thus the unbiasedrisk choice t̂ of (7) is chosenonly when the pretest rejects.
Returning to the wavelet thresholding setting, we apply this prescription separatelyon

each level to the coe±cients wj = f wj k ; k = 1; : : : 2j g. The stationarit y assumption implies
the homoscedasticity condition neededin the derivation of (6). We then set

¸ j = ¾j ~t(wj =¾j ); L · j · J ¡ 1:

1.2 Asymptotic mo del

In Johnstone& Silverman (1997), it wasarguedthat a usefulclassof asymptotic caricatures
of the ¯nite samplemodel (1) is given by

Y(t) = F (t) + ²®BH (t); t 2 [0; 1]: (9)
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Here, our target function for estimation is f = F 0and BH (t) is fractional Brownian motion,
namely the zero mean Gaussianprocesson R with covariance function r (s; t) given by

r (s; t) =
VH

2
(jsj2H + jtj2H ¡ jt ¡ sj2H ); s; t 2 R; H 2 [1=2; 1):

The parameter® = 2(1¡ H ) 2 (0; 1], and the scaleparameter ² is thought of asproportional
to n¡ 1=2:

Let Ãj k (t) = 2j =2Ã(2j t ¡ k) be a wavelet basison R derived from a suitable wavelet Ã of
compact support with corresponding scaling function Á. Here the index ¸ runs over a set
¤ de¯ned by pairs (j ; k); j ¸ j 0; k = 1; : : : ; 2j for the wavelet functions and (j 0 ¡ 1; k); k =
1; : : : ; 2j 0 for the scaling functions. Form the inner products y¸ =

R
Ã¸ dY; µ̧ =

R
Ã¸ f ;

and ° j z¸ =
R

Ã¸ dBH where ° 2
j = Varf

R
Ã¸ dBH g = ¿22¡ j (1¡ ®) : Note that for j = j 0 ¡ 1;

the inner products are taken with Á¸ : To avoid annoying but inconsequential end e®ects,
we argue as in Johnstone & Silverman (1997) that a model nearly equivalent to (9) (i.e.
involving an approximation of the variance structure valid up to absolute multiplicativ e
constants) may be obtained as

y¸ = µ̧ + ²®° j z¸ ; ¸ 2 ¤ : (10)

The noise variables z¸ , which all have variance 1, are correlated, but can be shown to be
of \b ounded dependence"in the sensethat, for all ¸ ,

0 < c0 · Var(z¸ jz¹ ; ¹ 6= ¸ ) · 1: (11)

We can think of the initial segments f yj k : j < J = log2 n; k = 1; : : : ; 2j g in model (10)
with ² = ¿1=®n¡ 1=2 as being analogousto the empirical coe±cients wj k in (2). While this
is not literally correct, of course,one can use this identi¯cation to transfer intuition from
the asymptotic models to empirical data.

It is, however, simpler to do rates of convergencecalculations in the approximating
model (10). By somegeneraldecisiontheoretic and wavelet theoretic machinery (Donoho &
Johnstone1997a) we expect that theseresults can be carried over to the original regression
model (1), but for reasonsof spaceand complexity we omit the details.

It will be assumedthat the parameters® and ¿ are known|since the latter is a simple
scale parameter, we will set ¿ = 1 without further loss of generality. We will therefore
have ² = n¡ 1=2, ° 2

j = 2¡ j (1¡ ®) and ¾2
j = ²2®° 2

j . This model encompassesboth the long-
range dependenceapproximation (10) and, by setting ® = 1, the short-range dependence
approximation.

We shall consider results for a broad range of function classesfor the regressionfunc-
tion f , corresponding to sequencespacemodels for its coe±cients µ¸ . A °exible scaleof
functional classesis given by the Besov family, which is speci¯ed in sequencespaceform as
follows. Set kµj kp

p =
P 2j

k=1 jµj k jp and

b¾
p;q(C) = f (µj k ) :

1X

j =0

2j sqkµj kq
p · Cqg; s = ¾+ 1=2 ¡ 1=p:

For a fuller discussionof these spacesand the important roles of the indices (¾; p;q) see
Frazier et al. (1991) and Donoho & Johnstone (1997b). Here we note simply that ¾ is
a smoothnessparameter, corresponding to the number of derivatives that the function f
possessesin L p. The casep = q = 1 corresponds to HÄolder smoothness,de¯ned by the
uniform condition jD m f (x) ¡ D m f (y)j · C0jx ¡ yj±, where ¾= m + ± with ± 2 (0; 1].
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To state the main result, we consider the sequencemodel (10), and soft threshold
estimators of the form

µ̂¤
¸ = ´ S(y¸ ; ¾j ¸ j ) (12)

¸ j =

(
0 j · L
~t(yj =¾j ) j ¸ L:

where ~t is the pretest threshold given in (8).
If the parameters (¾; p;q; C; ®) were all known, then the best possibleestimation error

of any threshold choice over the classb¾
p;q(C) is given by the minimax threshold risk

R¤
T;®(²; b¾

p;q(C)) = inf
(t j )

sup
µ2 b¾

p;q (C)
Ekµ̂(t j ) ¡ µk2;

where µ̂(t j ) stands for the estimator (´ (yj ;k ; t j )) j k and kµk2 =
P

¸ 2 ¤ kµ̧ k2 is the `2(¤)
sequencenorm. From results of Wang (1996), it is known that this minimax threshold
risk in model (10) is of the sameorder in ² as the minimax risk over all estimators: i.e.
there is no great loss of e±ciency, even in the presenceof long-range dependence,due
to co-ordinatewisethresholding, and over b¾

p;q(C), we have RT;®(n¡ 1=2) ³ n¡ r (¾;®) ; where
r (¾; ®) = 2¾®=(2¾+ ®):

Against this background, we have the following result for the estimator µ̂¤ of (12) using
the unbiasedrisk basedchoice of thresholds:

Theorem 1 Set the pretest thresholdin (8) at ° d = 2¡
p

log2 d and let ¢ = (1=p¡ 1=2)+ .
Suppose that (p;q) 2 [1; 1 ); C 2 (0; 1 ) and ¾> max(®¢ ; ¢ ¡ ®=2; 2®¢ ¡ ®=2). Then, as
n = ² ¡ 1=2 ! 1 ,

sup
µ2 b¾

p;q (C)
Ekµ̂¤ ¡ µk2 · R¤

T;®(n¡ 1=2; b¾
p;q(C))(1 + o(1))

This theorem says that the unbiasedrisk choice \gets the thresholds right" asymptoti-
cally: without needingto know (¾; p;q; C), and over a wide rangeof ®, the estimator doesas
well as if theseparameterswere known and usedto explicitly set optimal thresholds. Note
especially that the extra logarithmic term present in Theorem 3 of Johnstone& Silverman
(1997) has beenremoved, due to the lower thresholds chosenby the data-basedrule.

In our result we do assumethat the dependenceparameter ® and overall scale¿ are
known, and sowedo not incorporate estimation of scalethrough estimator (4). In Johnstone
& Silverman (1997) it was shown how to incorporate estimation of ® in model (10) for a
di®erent choice of threshold { we expect that a similar extension here would also be valid,
at the cost of further technical complications to the proof. The samecomment could also
be made regarding estimation of ¿.

2 Prop erties of the fBM sequence mo del

Rewriting (10), we consider the model

yj k = µj k + ²®wj k (13)

wj k =
Z

Ãj kdBH : (14)

5



In this section,we draw conclusionsabout the reduceddependencestructure of the wavelet
coe±cients wj k which will form the basisfor the proof of Theorem 1. Following for example
Barton & Poor (1988), the stochastic integrals de¯ning wj k have meanzeroand covariances
given by

E
Z

f dBH

Z
gdBH = (1=2¼)

Z
f̂ (»)ĝ(»)j»j¡ (1¡ ®)d» (15)

In this section, we deducesomeproperties of the error processj ! f wj kg that will be
used in the proof of Theorem 2. First, we usescaling properties of ¹ (d») = j»j ¡ (1¡ ®)d» in
(15), along with dÃj k (») = eik 2¡ j »Ã̂(2¡ j ») to concludethat

r j (k) ¢= Ewj kwj 0 = 2¡ j (1¡ ®) r0(k): (16)

In what follows, chie°y for convenience, we use the Meyer wavelet Ã (compare, for
exampleDaubechies (1992), Chapter 4). We recall, in particular, the properties

(i) supp Ã̂ ½ [¡ 8¼=3; ¡ 2¼=3] [ [2¼=3; 8¼=3],

(ii) On [¡ 2¼; ¡ ¼] [ [¼; 2¼]; jÃ̂j ¸ c0.

1±: Decay of autocorrelations r 0(k): Using (15),

r0(k) = (1=2¼)
Z

eik »jÃ̂(»)j2j»j¡ (1¡ ®)d» (17)

= (k¡ ®=2¼)
Z

ei! jÃ̂(! =k)j2j! j¡ (1¡ ®)d! (18)

From property Meyer (i), we can assumejÃ̂(! )j · cM 0 j! jM 0 I fj ! j · 3¼g: This implies

jr0(k)j · (c2
M 0

=¼)k¡ ®¡ 2M 0

Z 3¼

0
j! j2M 0+ ®¡ 1d!

· c®M k¡ ®¡ 2M 0 : (19)

2±: Spectral density of k ! w0k : Decompose(¡1 ; 1 ) into union of intervals of length 2¼
centered at 2¼Z and apply to (17)

r0(k) = (1=2¼)
Z ¼

¡ ¼
eik »

X

j 2Z

jÃ̂(» + 2¼j )j2j» + 2¼j j¡ (1¡ ®)d»

= (1=2¼)
Z ¼

¡ ¼
eik »f Ã(»)d»: (20)

Key picture for Meyer wavelet:

We concludethat f Ã is bounded away from 0 and 1 :

0 < f min · f Ã(») · f max < 1 for all j! j · ¼: (21)
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From this follows a bound on eigenvalues: For any (aj ) 2 `2(Z ):

f min ·

P
j k aj r0(j ¡ k)¹ak

P
j jaj j2

· f max : (22)

Indeed using (20), we have

X

j k

aj r (j ¡ k)¹ak = (1=2¼)
Z ¼

¡ ¼
j
X

j

aj eij »j2f Ã(»)d»;

and using (21) together with orthogonality of exponentials gives(22).

3±: The sequence k ! wj k is ½¡ mixing: We recall from (e.g. Ibragimov & Rozanov (1978))
that for stationary Gaussian sequences(X n ; n 2 Z ), we may de¯ne

½(n) = sup
(aj );(bk )

jCorr (
X

j · 0

aj X j ;
X

k¸ n

bkX k )j: (23)

Using correlation bound (19) on k ! w0k and setting ¯ = ®+ 2M 0,

Cov (
X

j · 0

aj w0j ;
X

k¸ n

bkw0k ) · c®M

X

j

X

k

jaj jj j ¡ kj¡ ¯ jbk j

· c®M

X

j · 0

jaj j ¢kbk(
X

k¸ 0

(n + jj j + k)¡ 2¯ )1=2;

· ~c¯ M kakkbk[
X

j ¸ 0

(n + j ¡ 1)1¡ 2¯ ]1=2

· ~~c¯ M kakkbk(n ¡ 2)¡ (¯ ¡ 1) ;

since
P 1

k=0 jr0 + 1 + kj¡ 2¯ · r 1¡ 2¯
0 =(2¯ ¡ 1) for ¯ > 1=2:

From the eigenvalue bound (22) on the spectral density,
X

a2
j · f ¡ 1

min ¢Var (
X

j

aj w0j ):

This yields a ½¡ mixing rate for k ! w0k :

½(n) · c®M f ¡ 1
min n¡ ®¡ 2M 0+1 : (24)

3 Asymptotic oracle inequalities for hybrid-SURE

The goal of this section is to formulate and prove Theorem 2, showing that the hybrid-
SURE prescription is asymptotically consistent, in the sensethat it essentially achievesthe
best mean squarederror possibleamong threshold estimators. The result is `local' in the
sensethat it applies for each signal ¹ , and not just to worst casebehavior over a set of
signals.

We assumethat the data (x i )d
i=1 is a subset (increasing as d increases)of a stationary

Gaussiansequencesatisfying a set of conditions that we denote \Mo del S":

Mo del S x i = ¹ i + zi i = 1; : : : ; d

where (zi ) i 2Z is a mean zero, unit variance stationary Gaussiansequencesuch that
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(i) r z(k) =
Z 1

¡1
eik »j bÃ(»)j2g(») d»; where Ã is the Meyer wavelet

(ii) g(») is continuous and positive for j»j 2 [ ¼
2 ; 3¼]

(iii) jg(»)j · c1j»jc2 for j»j ! 0, c2 2 IR.

Although model S appearsto imposerather special structure on the noiseprocess(zi ),
it is precisely the situation that applies to wavelet coe±cients f wj kg from model (13) when
the level j is held ¯xed. Compare (16) and (17). It also is designedto apply to the noise
processesarising in the linear inverseproblem settings described in Section 5.

Let us note someconsequencesof Model S which will be usedin the proof of Theorem 2.
Theseproperties re°ect the fact that Model S forcesthe sequence(zi ) to be \close to i.i.d.",
and were establishedin the previous section for the caseof the noiseprocessesk ! wj k in
model (13).

(i) the spectral density f z(») satis¯es

0 < f min · f z(») · f max < 1 for j»j · ¼;

(ii) correlation decay: Given M 0 2 NI ; 9 c3 = c3(M 0; g) s.t.

jr z(k)j · c3k¡ c2 ¡ 1¡ 2M 0 ;

(iii) ½-mixing:

½z(n) · (c3=f min )n¡ c2 ¡ 2M 0 : (25)

To state the theorem, we de¯ne the ideal thresholdrisk:

~R(¹ ) = inf
t

d¡ 1
dX

i =1

r (t; ¹ i )

where r (t; ¹ i ) = E [´ S(x i ; t) ¡ ¹ i ]2 (compare (3)) and the ¯xed thresholdrisk:

RF (¹ ) = d¡ 1
dX

1

r (tF
d ; ¹ i ):

As in Section 1.1, we de¯ne our hybrid-SURE thresholding estimator in Model S by
setting x = (x i )d

i=1 ; s2
d = d¡ 1 P d

1(x2
i ¡ 1); and

¹̂ ¤(x) i =

(
´ (x i ; tF

d ) if s2
d · °d

´ (x i ; t̂ ) if s2
d > °d

; (26)

where

t̂ = arg min0· t · tF
d

SURE(t; (x i )) ; tF
d =

p
2logd:
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Thus, when ¿2 = ¿2(¹ ) = d¡ 1 P d
1 ¹ 2

i is small, the hybrid estimator will usually default
to the ¯xed threshold choice. When ¹ ´ 0; this is guaranteed by the following large
deviations inequality for s2

d, establishedin the Appendix. Supposethat f zi ; i = 1; : : : ; dg
is drawn from a Gaussian stationary sequenceof mean zero, variance one and bounded
spectral density f (! ) on [0; ¼]: f 1 = supf f (! ) : 0 · ! · ¼g.Then

Pfj s2
dj > tg · 2expf¡

dt
8f 1

¢min( t=f 1 ; 1)g: (27)

Theorem 2 Assumestochastic model S, and that

1 ¸ °d >>
p

d¡ 1 logd:

a) For each ´ > 0, uniformly in ¹ 2 IRd

d¡ 1E k ¹̂ ¤ ¡ ¹ k2· ~R(¹ ) + RF (¹ )I f ¿2 · 3°dg + O(d´ ¡ 1
2 ): (28)

b) There exists a positive constant c¤ such that uniformly in ¹ for which ¿2(¹ ) · 1
3°d,

d¡ 1E k ¹̂ ¤ ¡ ¹ k2· RF (¹ ) + O(log d e¡ c¤ d° 2
d ): (29)

Notation. We begin the outline of the proof of Theorem 2 with somede¯nitions. Let Fd

denote the empirical c.d.f. of f ¹ 1; : : : ; ¹ dg: The empirical loss of thresholding estimator
(´ S(x i ; t))d

i=1 is

L̂ (t; Fd) = d¡ 1
dX

1

[´ (x i ; t) ¡ ¹ i ]2

and its corresponding risk

r (t; Fd) = E L̂ (t; Fd) = d¡ 1
dX

1

r (t; ¹ i ):

The unbiasedestimate of the risk of (´ S(x i ; t)) is given by

Ud(t) = d¡ 1
dX

1

1 ¡ 2f x2
i · t2g + x2

i ^ t2

and it satis¯es EUd(t) = r (t; Fd). The ideal threshold risk is de¯ned as

~R(¹ ) = inf
t

r (t; Fd):

We usea pretest decomposition basedon the event Ad = f s2
d > °dg, which tests for the

presenceof signi¯cant signal. Thus,

Rd(¹ ) = d¡ 1Ek ¹̂ ¤ ¡ ¹ k2 = R1d(¹ ) + R2d(¹ ) (30)
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and to establish Theorem 2, we show that

R1d(¹ ) ¢= d¡ 1Efk ¹̂ ¤ ¡ ¹ k2; Adg · ~R(¹ ) + cd́ ¡ 1
2

R2d(¹ ) ¢= d¡ 1Efk ¹̂ ¤ ¡ ¹ k2; Ac
dg · RF (¹ )I f ¿2 · 3°dg + o(d¡ 1=2):

Strategy for \signal" term R1d: On Ad, we useSURE threshold t̂, so that

R1d(¹ ) · d¡ 1
X

[´ (x i ; t̂ ) ¡ ¹ i ]
2

= EL̂ (t̂; Fd):

L̂ (t; Fd) and Û(t) are both unbiasedfor EL(t; Fd), so we have the bound and the basic
decomposition

R1d(¹ ) ¡ ~R(¹ ) · E¢ d

¢ d = L̂ (t̂; Fd) ¡ r (t̂ ; Fd) + r (t̂ ; Fd) ¡ Ud(t̂ ) + Ud(t̂ ) ¡ inf
t

r (t; Fd):

We bound ¢ d via maximal deviations of empirical processtype:

j¢ dj · k L̂ (¢; Fd) ¡ r (¢; Fd) k1 +2 kUd(¢) ¡ r (¢; Fd) k1 ;

where kgk1 = supfj g(t)j ; 0 · t · tF
d g.

For R1d, the task is thus to show a uniform bound on the expected maximal risk
deviation

sup
¹ 2 IRd

E¹ k L̂ (¢; Fd) ¡ r (¢; Fd) k1 · cd́ ¡ 1=2

and a similar bound for the unbiasedrisk deviation. For this purpose,let

Wd(t) = L̂ (t; Fd) ¡ r (t; Fd)

Zd(t) = Ud(t) ¡ r (t; Fd)

For expectations of V = kWdk1 or kZdk1 , we usethe simple bound

EV · c + (EV 2)1=2P(V > c)1=2; (31)

where c = cd will be of the desiredorder O(d´ ¡ 1=2).
To estimate sup norms, we use a simple discretization: let t j = j ±; and J denote the

set of indices j for which t j 2 [0; tF
d ]: Clearly,

kf k1 · sup
J

jf (t j )j + sup
J

¢ f (t j ; ±); (32)

where
¢ f (t j ; ±) = supfj f (t) ¡ f (t j )j : t j · t · t j + ±g:

Analysis of Wd We now describe how we reduce the analysis of Wd and Zd to the
application of appropriate exponential inequalities for dependent sequences.Write

Wd(t) = d¡ 1
dX

i =1

[´ (x i ; t) ¡ ¹ i ]2 ¡ r (t; ¹ i )

def
= d¡ 1

dX

i =1

Yi (t); (33)
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from which it is seenthat t ! Wd(t) is continuous and piecewisedi®erentiable. From the
formula for r (t; ¹ ) in Donoho & Johnstone(1994) and direct calculation,

0 · @r (t; ¹ )=@t · 2t; and (34)

(@=@t) [´ (x i ; t) ¡ ¹ i ]2 = ¡ 2sgnx i [zi ¡ (sgn x i )t] (35)

from which

kW 0
dk1 · 2 ave jzi j + 4td: (36)

Let

Ad = \ j 2 J fj Wd(t j )j · d´ ¡ 1=2g

Bd = fk W 0
dk1 · 6tdg

Then, so long as ± satis¯es 6td± · d´ ¡ 1=2, we have, from (32)

Ad \ Bd ) kWdk1 · 2d´ ¡ 1=2: (37)

In view of (31), (37) and the corresponding bound (72) for kZdk1 described in the
Appendix, the chief remaining task in the bound for the signal term R1d is to obtain good
tail boundsfor the probabilities of Ac

d; B c
d; Cc

d and D c
d. When the errors zi are i.i.d., this was

accomplishedin Donoho & Johnstone (1995) using the well known Hoe®dingexponential
inequalities for large deviations. When the errors zi are dependent, but strongly mixing,
Bosq(1993) hasprovided someexplicit large deviations inequalities of Bernstein type which
we restate here for the convenienceof the reader.

Bosq's inequalities. Let (X i ; i 2 Z ) be a zero-meanstochastic process,and let F i
¡1 and

F 1
i+ p be the sigma-¯elds generatedrespectively by f X s; s · ig, and f X s; s ¸ i + pg: The

®¡ strong mixing coe±cients are de¯ned by

®(p) = sup
i

sup
A;B

fj P(A \ B ) ¡ P(A)P(B )j; A 2 F i
¡1 ; B 2 F 1

i+ pg:

The ¯rst Bosq inequality is oriented towards boundedX i and is given in the Appendix.
The secondinequality imposesthe `Cramer conditions':

Prop osition 3 Assumethat there exist constants m · M such that

(a) 0 < m · EX 2
i · M ; i 2 Z (38)

(b) E jX i j° · M ° ¡ 2° !EX 2
i ; ° ¸ 3; i 2 Z :

If Sn = X 1 + : : : + X n , and 1 · pn · n
2 , then for every ² > 0 and ° ¸ 2, we have

P(jSn j > n² ) · (2pn + 1 + M ¡ 1) exp(¡
1

10M
²2

5 + ²
n
pn

) (39)

+ d° (1 + ² ¡ 1)¯ ° n®(pn )2¯ ° (40)

where ¯ ° = ° =(2° + 1) and

d° = 11[M (° ¡ 1)=° (° !)1=° 5
2

(1 +
4

5
p

m
)]¯ ° :

11



We illustrate the use of Proposition 3 to bound P(Ad): We show that the Cram¶er

conditions apply to X i = Yi (t) + ² i ; where Yi (t) is de¯ned in (33) and ² i
i:i:d:» N (0; 1) are

intro duced simply to ensurethat EX 2
i ¸ E ²2

i = 1; so that m = 1 in (38). Since ² i have a
distribution symmetric about zero, one can verify that, with Sd =

P d
1 X i ;

P fj Wd(t)j > cg · 2Pf d¡ 1jSdj > cg: (41)

Analysis of soft thresholding shows that

[´ (x i ; t) ¡ ¹ i ]2 · 2(z2
i + t2); and (42)

r (t; ¹ ) · 1 + t2: (43)

Using the boundsE jU + V j° · 2° ¡ 1f E jUj° + E jV j° g and EZ 2k · 2kk! for Z » N (0; 1); and
after someanalysis, one veri¯es that (38) holds with the conservative choice M = M d =
163(1 + t2

d)3:
Bound (25) provides control on the ½¡ mixing rate ½Z (p) for the underlying stationary

Gaussiannoise sequencef Z i g: We call upon somestandard results relating mixing coe±-
cients to derive bounds on ®X (p), the ®¡ mixing rate neededto apply the Bosq bounds.
Indeed

4®X (p) · ½X (p) (44)

· ½Y (p) (45)

· ½Z (p): (46)

It should be noted here that

½X (p) ¢= sup
i

supfj Corr (U; V )j : U 2 L 2(F i
¡1 ); V 2 L 2(F 1

i + p)g

which reducesto the earlier expression(23) only in the stationary Gaussiancase.Inequality
(44) is standard (Bradley 1986, p. 166), while (45) follows, e.g. from the Csaki-Fischer
theorem (Bradley 1986, p. 173), and (46) follows becauseYi (t) is a function of zi . We
conclude, for the Meyer wavelet, that for any M 0,

®X (p) · c®M f ¡ 1
min p¡ ®¡ 2M 0 : (47)

To apply Proposition 3, set c = d´ ¡ 1=2 in (41), and pd = d´ : We may write bound (47)
in the form ®(p) · ap¡ b where a and b depend on (®; M 0). Using c1 to denote a constant
depending on ° alone, we obtain from (39), after somebounding,

Pfj Wd(t)j ¸ d´ ¡ 1=2g · ²1d (48)

²1d = 2d´ exp(¡ d´ =60M d) + c1M 1=2
d d1¡ (2b´+ ´ ¡ 1=2)¯ ° : (49)

This bound, with appropriate choice of M allows control of P(Ad): The completion of
the bound for EkWdk1 , the corresponding bound for EkZdk1 ; and the treatment of the
`noise' term R2d, and the proof of part (b) of Theorem 2 are deferred to the Appendix.

12



A mo di¯ed oracle inequalit y for ¯xed thresholds Before concluding this section
we state a slightly improved version of the oracle inequality of Donoho & Johnstone(1994)
and Johnstone& Silverman (1997). From Lemma 1 of Donoho& Johnstone(1994), the risk
of univariate soft thresholding satis¯es the following two inequalities for all t > 0; ¹ 2 R:

r (t; ¹ ) · r (t; 0) + ¹ 2

r (t; ¹ ) · t2 + 1:

Combining theseyields

r (t; ¹ ) · r (t; 0) + (t2 + 1)(¹ 2 ^ 1):

This yields immediately:

Prop osition 4 If X i has marginal distribution N (¹ i ; 1); i = 1; : : : d and ¹̂ t denotes co-
ordinatewise soft thresholdingat t, then

Ek¹̂ t ¡ ¹ k2 · dr (t; 0) + (t2 + 1)
dX

1

¹ 2
i ^ 1: (50)

We recall from (A2.6) of Donoho & Johnstone(1994) that for t ¸ 3=2,

r (t; 0) · 8t ¡ 3Á(t):

In particular, if td =
p

2logd, then r (
p

2logd;0) · 2d¡ 1(log d)¡ 3=2 and

Ek¹̂ td ¡ ¹ k2 · 2(logd)¡ 3=2 + (2 logd + 1)
dX

1

¹ 2
i ^ 1:

Finally, if now yi hasmarginal distribution N (µi ; ¾2); i = 1; : : : ; d, if µ̂F denotessoft thresh-
olding at td¾, and if d = 2j , then

Ekµ̂F ¡ µk2 · c(j ¡ 3=2¾2 + j
X

µ2
i ^ ¾2): (51)

The signi¯cance of (51) vis-a-vis previous versionsof the oracle inequality is that the ¯rst
term j ¡ 3=2¾2 is now a summable sequencein j . We note also that the bound (A.24) in
Donoho & Johnstone(1995) is incorrect { consider¥ ´ 0 { but that systematic useof (51)
below corrects the error.

4 Pro of of SURE Minimaxit y

In this section we describe the main steps in the proof of Theorem 1. We assumemodel
(13) and note that it implies

Var yj k = ¾2
j k = ²2®2¡ j (1¡ ®) : (52)

We rescaleto usevariance one oracle inequalities by level:

x j = (yj k=¾j )
¹ j = (µj k=¾j )

µ̂¤
j k (y) =

½
yj j < L
¾j ¹̂ ¤(x j ) j ¸ L

13



where L is ¯xed. Then

E k µ̂¤ ¡ µ k2 =
X

j k

E(µ̂¤
j k ¡ µj k )2

=
X

j <L

2j ¾2
j + (

X

L · j · j 0

+
X

j >j 0

) ¾2
j Ek¹̂ ¤(x j ) ¡ ¹ j k2

· O(²2®) + S1² + S2² :

Our approach is to decomposeEkµ̂¤ ¡ µk2 into low, mid and high levels:

² low levels (j · L ): trivial, sinceL is ¯xed.

² mid levels (L · j · j 0): useglobal oracle inequality (28)

² high levels(j > j 0) : use`small signal' oracle inequality (29).

Hence,using the global oracle inequality (28) for mid levels:

S1² ·
X

j · j 0

2j ¾2
j f ~R(¹ j ) + RF (¹ j )I f ¿2

j · 3° j g + c2j ´ ¡ j =2g

= S11² + S12² + S13²

and using the small-signal inequality (29) and the bound d logd ¢e¡ c¤ d° 2
d = O((log d)¡ 3=2)

for high levels:

S2² ·
X

j >j 0

2j ¾2
j RF (¹ j ) + c¾2

j j ¡ 3=2

= S21² + S22² :

Focus ¯rst on the main term, S11² :

S11² ·
X

j · j 0

inf
t j

Ekµ̂j ;(t j ) ¡ µj k
2

Hence,by maximising over £ = b¾
p;q(C):

sup
£

S11² · inf
(t j )

sup
£

Ekµ̂(t j ) ¡ µ k
2

= R¤
T (²; £) ³ ²2r :

The proof is completed by showing that we may choosej 0 so that all other terms are
o(²2r ). We start with S12² : let c2

j ² = 3° j 2j ¾2
j with ° j = 2¡

p
j : Then

S12² ·
X

j · j 0

Ekµ̂F
j ¡ µj k2I fk µj k2 · c2

j ²g

· c
X

j · j 0

f j ¡ 3=2¾2
j + j

X

k

¾2
j ^ µ2

j kgI fk µj k2 · c2
j ²g

where we have usedthe modi¯ed oracle inequality (51). To further bound S12² , we borrow
a de¯nition from Theorem 3 of Johnstone& Silverman (1997):

Wp(±; C; n) = sup
kxkp · C

nX

1

±2 ^ x2
k

=
½

min(n±2; Cp±2¡ p) 0 · p · 2
min(n±2; C2n1¡ 2=p) 2 · p · 1

14



where, in both cases,the minimum is obtained at n±2 if and only if ± · Cn¡ 1=p: De¯ning
also the Besov `rings':

£ (j ) = £ \ f µ : µj 0k = 0; 8j 0 6= j ; 8kg

onechecks easily that £ (j ) is essentially isomorphic with the `p ball f µj : kµj kp · C2¡ sj g.
Hence

sup
£

S12² · c
X

j · j 0

j ¡ 3=2¾2
j + c

X

j · j 0

j minf Wp(¾j ; C2¡ sj ; 2j ); W2(¾j ; cj ² ; 2j )g:

Write Wpj (²); W2j (²) as abbreviations for the precedingterms. We ¯rst analyseWpj (²). In
the casep · 2,

Wp(¾j ; C2¡ sj ; 2j ) =

(
2j ¾2

j if ¾j · C2¡ sj ¡ j =p

Cp2¡ sj p¾2¡ p
j if ¾j > C2¡ sj ¡ j =p:

(53)

The function j ! 2j ¾2
j = ²2®2j ® grows exponentially in j while j ! Cp2¡ sj p¾2¡ p

j =
(C² ¡ ®)p²2®2¡ j p[¾+ ®(1=2¡ 1=p)] decreasesexponentially in j . The functions crossat the switch-
ing value j ¤ 2 R given by the solution to the equation ¾j = C2¡ (s+1 =p) j , namely

2j ¤ (¾+ ®=2) = C² ¡ ®: (54)

The value at the crossingpoint j ¤ (which yields the maximum of j ! Wpj (²)) is then

2j ¤ ¾2
j ¤

= ²2®2j ¤ ® = Cr =¾²2r

(recalling that r = 2¾®=(2¾+ ®).)
For the casep > 2, the situation is the sameas in (53) except that the secondterm is

now C22¡ 2sj 2j (1¡ 2=p) = C22¡ 2j ¾. Note, however, that the switching value j ¤ is still given
by (54). In summary, we concludethat j ! Wpj (²) decays geometrically from a maximum
j ¤:

Wpj (²) · Cr =¾²2r ¢2¡ ´ 1 j j ¡ j ¤ j ; ´ 1 > 0 (55)

so long as

¾> ®(1=p¡ 1=2)+ : (56)

For small j , however, the small signal constraint contained in W2j (²) leadsto the better
bound. Indeed, sinceW2(±; C; n) = n±2 ^ C2; it follows that

W2j (²) = 2j ¾2
j ^ c2

j ² = c2
j ² · 32¡

p
j 2j ®²2®:

Recalling that r = 2¾®=(2¾+ ®); ®¡ r = ®2=(2¾+ ®) and (54), we obtain

²¡ 2r W2j (²) · 3C2®=(2¾+ ®)2¡
p

j +( j ¡ j ¤ )® (57)

Combining (55) and (57), and letting ci = ci (®; ¾; C), we get

²¡ 2r sup
£

S12² · o(1) + c
X

j · j 1

j ² ¡ 2r W2j (²) + c
j 0X

j 1

j ² ¡ 2r Wpj (²)

· o(1) + c1

X

j <j 1

j 2¡
p

j +( j ¡ j ¤ )® + c2

X

j ¸ j 1

j 2¡ ´ 1 (j ¡ j ¤ ) = o(1)
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if we choose,for example, j 1 = j ¤ + (log2 j ¤)2:
Turning now to S13² we have

²¡ 2r S13² = c²2(®¡ r )
X

j · j 0

2j (®+ ´ ¡ 1=2) :

Since (® ¡ r ) = ®2=(2¾+ ®); this term is automatically o(1) if ® + ´ ¡ 1=2 < 0: On the
other hand, if ®+ ´ ¡ 1=2 > 0, then

²¡ 2r S13² · c²2(®¡ r )2j 0 (®+ ´ ¡ 1=2) :

Writing j 0 = bj¤ and recalling (54), we ¯nd that the exponent of ² is positive when

b < ®=(®+ ´ ¡ 1=2): (58)

The analysis of terms in S2² is straightforward (and deferred to the Appendix) except
for the constraint on j 0 imposedby the `small-signal' requirement of Theorem 2, namely
that the inequality ¿2 · (1=3)° j be valid for all ¹ j = µj =² and µj 2 £ (j ) for j ¸ j 0: Since
£ (j ) is essentially equivalent to the `p ball f µj : kµj kp · C2¡ sj g; the requirement is that

supfk µj k2
2 : kµj kp · C2¡ sj g · (1=3)° j 2j ¾2

j

for all j ¸ j 0: Noting that supfk µk2
2;n : kµkp;n · r g = n(1¡ 2=p)+ r 2; and recalling that

2j ¾2
j = 2j ®²2®; the condition is that for all j ¸ j 0,

C22¡ 2sj +(1 ¡ 2=p)+ j · (1=3)° j 2®j ²2®: (59)

Let ¹¾= s¡ (1=2¡ 1=p)+ = ¾¡ ¢ since ¹¾equals¾if p ¸ 2 and s if p < 2: Since° j = 2¡
p

j ,
condition (59) becomes

3C22
p

j ¡ (®+2 ¹¾)j · ²2®:

If ®+ 2¹¾> 0, the function j ! j (®+ 2¹¾) ¡
p

j is increasingfor j ¸ j + (®; ¹¾) = [2(®+ 2¹¾)]¡ 2:
Since j 0 = j 0(²) " as ² ! 0, we get for su±ciently small ² that (59) will hold for all j ¸ j 0

so long as

®+ 2¹¾> 0 (60)

3C22
p

j 0 ¡ j 0 (®+2 ¹¾) · ²2®: (61)

Writing j 0 = bj¤ where 2j ¤ was de¯ned at (54), it follows by comparing exponents of ²
that (61) is met for all small ² so long as

b > (®+ 2¾)=(®+ 2¾¡ 2¢) : (62)

In summary, all terms other than S11² are o(²2r ) so long as (56) and (60) hold and
j 0 = bj¤ can be chosenso that b satis¯es both (58) and (62). Somealgebra shows that
theselatter conditions amount to

¾> ®¢ ; ¾> ¢ ¡ ®=2; and ¾> 2®¢ ¡ ®=2;

and this completesthe proof of Theorem 1.
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5 Extensions to a class of linear inverse problems

The purposeof this section is to sketch how the precedingresults for threshold selectionin
correlated noisemight be carried over to a classof linear inverseproblems. The discussion
will be informal and mostly by example. We imagine data observed indirectly in a model

y = K f + z (63)

where K is a bounded linear operator of L 2, and Cov(z) = I : Speci¯c examplesthat we
have in mind include

1. Integration

K f (u) =
Z u

¡1
f (t)dt:

2. Fractional Integration

K f (u) =
Z 1

¡1

f (t)­( t ¡ u)
jt ¡ uj1¡ ® dt; 0 < ® < 1:

(Here ­ is a homogeneousfunction of degree0, and for example, ® = 1=2 corresponds
to the Abel Transform)

3. Certain Convolutions:

K f (u) =
Z 1

¡1
k(u ¡ t)f (t)dt; where

k̂(! ) » j! j¡ ® as j! j ! 1 :

Examples include

k(x) = e¡j x j I f x < 0g () ® = 1)
or 1

2e¡j x j () ® = 2):

The heuristic connection between correlated noise and linear inverseproblems can be
expressedalmost trivially . Consider a correlated regressionmodel y = f + e where e has
covariance operator §, and supposethat § has invertible non-negative square root L , so

that § = LL ¤ and e D= Lz : Formally writing L ¡ 1y = L ¡ 1f + z, we may then identify K in
(63) with § ¡ 1=2:

To exploit this connection, we use the notion of a wavelet-vaguelette decomposition of
K due to Donoho (1995). This is a modi¯cation of the singular value decomposition which
aims to simultaneously almost diagonalizeK and achievesparserepresentations of functions
f likely to be of interest.

We review someelements of the WVD here. Supposethat the function f we wish to
recover has wavelet representation f =

P
hf ; Ãj k i Ãj k : However, the observed data is (a

noisy versionof) K f , sowe supposein addition that it is possibleto construct representers
° j k such that

[K f ; ° j k ] = hf ; Ãj k i :

17



Then for observed data yj k = [y; ° j k ]; we have

Eyj k = [K f ; ° j k ] = hf ; Ãj k i ;

which motivates useof a thresholding basedreconstruction rule:

f̂ =
X

j k

´ (yj k ; t̂ j k ) Ãj k :

The proposal here, of course,is to usea version of the unbiased risk estimate (SURE)
to estimate t̂ j from the data y.

Two conditions will be necessaryfor asymptotic results on the validit y of this thresh-
olding proposal. First, the WVD structure itself requires ¯ne scalehomogeneity:

k° j kk2 » 2j ° ; j ! 1 (64)

uniformly in k. Secondly, we impose

if f = 0, k ! yj k is a stationary sequence: (65)

The proposedestimator essentially applies existing software to the data (f yj kg):

1. (Data:)

wj k = [Y; ° j k ]:

2. (robust scaleestimates): Fix L

for j ¸ L; ŝj = M :A:D :(yj k ; k = 1; : : : ; 2j )=:6745

3. (hybrid-SURE thresholding)

ŵ¤
j =

½
ŝj ¹̂ ¤(wj =ŝj ) L · j < J
wj j < L

4. (reconstruction)

f̂ =
X

¸

ŵl
¤Ã¸ :

By Parseval's inequality

Ekf̂ ¡ f k2 =
X

j

Ejŵj ¡ wj j2

where ŵj = f ŵj k ; k = 1; : : : 2j g:
To formulate an asymptotic result, considera Gaussianwhite noisemodel for our linear

inverseproblem:

Y (du) = K f (u)du + ²W (du); u 2 [0; 1] (66)

and convert it to sequencespaceform by integration against the collection of representers
° ¸ :

[° ¸ ; Y ] = [° ¸ ; K f ] + ²[° ¸ ; W ]; ¸ 2 ¤ ;
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so that, using an obvious notation,

y¸ = µ̧ + ²w¸ ; ¸ 2 ¤ : (67)

We proceedby analogywith the fractional Brownian motion model (10) but with a di®erent
noisenormalization. Indeed, the observed noisecomponents have covariance structure

Ew¸ w¸ 0 =
Z

° ¸ ° ¸ 0 =
Z

c° ¸ c° ¸ 0;

and in view of (64) and (65), we have at level j , ¾2
j = Var(w¸ ) » 22j ° ²2. As an example, in

the caseof fractional integration, where c° ¸ (! ) = j! j®

b­ (! )
¢cÃ¸ (! ), we ¯nd

Ew¸ w¸ 0 =
Z

cÃ¸
cÃ¸ 0

j! j2®

j b­( ! )j2
d! :

The covariance structure of k ! f wj kg is thus analogousto that of the wavelet coe±-
cients of fractional Brownian motion (compare (13)). In particular, in the exampleslisted
earlier, Model S will apply. (for example, for fractional integration, g(») / j»j2®=j­̂( »)j2j)
Note however that the noise level here is parametrized by ² (and not ²®), and that the
levelwise variances¾2

j » 22j ° ²2 will, for the typical casein which ° > 0, grow with j (in
contrast to the fractional Brownian motion casein (52). In the construction of the hybrid
estimator (26), it is necessaryto usehigher thresholdsin the small signal casewhen s2

d < °d:
here we replace

p
2logd by

tF
d =

p
2¯ logd; (68)

where ¯ = 1 + 2° + ; and °+ = max(° ; 0). This phenomenon was originally noted by
Abramovich & Silverman (1997). With this modi¯cation, Theorem 2 remains true at each
resolution level j .

It is now possibleto mimick the proof of Theorem 1 to obtain an asymptotic adaptive
minimaxit y result for the hybrid SURE estimator, simultaneously over a broad scale of
Besov constraints.

Theorem 5 Suppose that operator K in model (66) possessesa WVD satisfying (64).
Suppose that the sequence data (67) satis¯es (65). Let µ̂¤ be the SURE pretest estimator
speci¯ed in (12) with ¾2

j = ²222° j and tF
d =

p
2¯ logd in (26) for ¯ = 2° + 1: Set ® = 2° + 1

and ¢ = (1=p ¡ 1=2)+ : Then for (p;q) 2 [1; 1 ); C 2 (0; 1 ) and ¾ > maxf ®¢ ; ¢ ¡
®=2; 2®¢ ¡ ®=2g,

sup
µ2 b¾

p;q (C)
Ekµ̂¤ ¡ µk2 · R¤

T;° (n¡ 1=2; b¾
p;q(C))(1 + o(1)) ;

and, as shownby Donoho (1995),

RT;° ;b¾
p;q (C) (n

¡ 1=2) ³ n¡ r (° ;¾) ; r (° ; ¾) = 2¾=(2¾+ 1 + 2° ):

Notice that the rangeof validit y of this result is constrainedto functions of greater smooth-
nessas ° increases(in the sparsecase,¢ > 0.) This phenomenonis discussedfurther in
Mallat (1998) who alsoshows how appropriate wavelet packet basescan be usedto address
the problem.
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6 App endix

Proof of (27). Using the spectral representation of the processf zi g, wecan¯nd i.i.d. N (0; 1)
variates ³ i and eigenvalues ¸ i;d · f 1 so that

P d
1 z2

i =
P d

1 ¸ i;d ³ 2
i : Setting ®i = d¡ 1¸ i;d , we

have

s2
d =

dX

1

®i (³ 2
i ¡ 1):

Using the elementary identit y

Pfj
X

®i (³ 2
i ¡ 1)j > tg · 2e2u2 P

®2
i ¡j ujt

for juj · 1=4(max j®i j), and optimizing over u, we obtain (27).

Pro of of Theorem 2.

Bound for P(Bd): It follows from (36) that f avei jzi j · tdg implies Bd: On the other hand
(avejzi j)2 · s2

d + 1; so

P(B c
d) · Pf s2

d > t2
d ¡ 1g

· e¡ d(t2
d ¡ 1)=8f 1 = ²2d;

where we have used the tail bound (27) for s2
d: Clearly ²2d << ²1d, so we will ignore this

term below.

Completion of bound for EkWdk Bound (31) calls for a crude bound for EkWdk2
1 . Using

kWdk1 · Wd(0) + tdkW
0

dk1

· Wd(0) + 4t2
d + 2tdave jzi j;

together with the observation that Wd(0) D= d¡ 1(Â2
(d) ¡ d) and (ave jzi j)2 · s2

d + 1; leads,
after somecalculation, to

EkWdk2
1 · (8t2

d)2:

Substituting this and (48) into (31) (with c = 2d´ ¡ 1=2) and letting Nd = td=± ³
6t2

dd1=2¡ ´ denote the number of discretization points, we have

EkWdk1 · 2d´ ¡ 1=2 + 8t2
d

p
Nd²1d;

uniformly in ¹ 2 R: The dominant term in
p

Nd²1d is
p

Nd²1d ¼ M 1=4tdd(1=2)[3=2¡ ´ ¡ (2b´+ ´ ¡ 1=2)¯ ° ];

so somealgebra shows that EkWdk1 = O(d´ ¡ 1=2) so long as

b = ®+ 2M 0 > [5=2 ¡ 3´ + (1=2 ¡ ´ )¯ ° ]=(2´ ¯ ° ): (69)
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Analysis of Zd By de¯nition,

Zd(t) = d¡ 1
dX

i =1

1 ¡ 2I f x2
i · t2g + x2

i ^ t2 ¡ r (t; ¹ i ) (70)

def
= d¡ 1

X

i

Yi (t):

The functions t ! Yi (t) are discontinuous, so we need to give a stochastic estimate of
¢ Zd in (32). If t < t0, we have, using (34),

jY (t0) ¡ Y (t)j · (2 + (t0)2 ¡ t2)I f t < jxj · t0g + 2td(t0¡ t): (71)

Let Nd(t; t0) = # f i : t < jx i j · t0g: From (71),

¢ Zd(t j ; ±) · 2(1 + ±td)d¡ 1Nd(t j ; t j + ±) + 2±td:

Clearly, Ed¡ 1Nd(t j ; t j + ±) · Á(0)± where Á(x) is the standard Gaussiandensity. Let

@Nd(t j ; ±) = d¡ 1f Nd(t j ; t j + ±) ¡ ENd(t j ;j + ±)g; and

Cd = \ j 2 J fj Zd(t i )j · d´ ¡ 1=2g

Dd = \ j 2 J f @Nd(t j ; ±)j · (1=3)d´ ¡ 1=2g:

It follows from the above analysis and (32) that if we take ± = d¡ 1=2=td, then for
su±ciently large d,

Cd \ Dd ) kZdk1 · 2d´ ¡ 1=2: (72)

Bound for EkZ k1 : We¯rst state the inequality from Bosq(1993)appropriate for bounded
random variables.

Prop osition 6 Assumethat there exist constants m · M such that

0 < mp · esssupjX i +1 + ¢¢¢+ X i + pj · M p; i 2 Z ; p ¸ 1: (73)

If Sn = X 1 + ¢¢¢+ X n , and 1 · pn · n=2; then for every ² > 0,

P(jSn j > n² ) · 8exp(¡
²2

25M 2

n
pn

) + 18
M

p
m²

n
pn

®(pn ): (74)

We follow the approach for EkWk1 , using now (74) to estimate P(Cc
d) and P(D c

d).
Consider ¯rst Cc

d, and note that (73) hold for X i = Yi (t) (de¯ned in (70) ) with m = 1
and M = 2 + t2

d: As before,we have the ®-mixing bound ®X (p) · ap¡ b with b = ®+ 2M 0:
We apply Proposition 6 with parameters² = d´ ¡ 1=2; pd = d´ ; and ¯nd, after simpli¯cation,
that

Pfj Zd(t)j ¸ d´ ¡ 1=2g · ²3d

²3d = c3 expf¡ d´ =25(2+ t2
d)2g + c4d5=4¡ (b+3 =2)´ :
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Turning to D c
d; we note that (73) holds for X i = I f t j < x i < t j + ±g¡ Pf t j < x i < t j + ±g

with m = 1=4 and M = 1: Again using Proposition 6, now with ² = d´ ¡ 1=2=3 and pd = d´ ,
we eventually obtain

Pfj @Nd(t j ; ±)j ¸ (1=3)d´ ¡ 1=2g · ²4d

²4d = c5 expf¡ c6d´ g + c7d5=4¡ (b+3 =2)´ :

The dominant term in both ²3d and ²4d is O(d5=4¡ (b+3 =2)´ ): Noting that ±¡ 1td = t2
dd1=2+ ²

and assembling pieces,we ¯nd that

Pfk Z k1 > 2d´ ¡ 1=2g · c8t2
dd7=4+ ²¡ (b+3 =2)´ :

SincekZdk1 · 2 + t2
d, (31) yields

EkZdk1 · 2d´ ¡ 1=2 + (2 + t2
d) ¢P(kZdk1 > 2d´ ¡ 1=2)1=2:

Combining these last two displays, somealgebra shows that EkZdk1 = O(d´ ¡ 1=2) so long
as

b = ®+ 2M 0 > (3=4 + ´ =2 + ²)=´ : (75)

Combining the conclusionsreached from (69) and (75), we obtain for M 0 chosensu±ciently
large, the `signal term' bound

R1d ¡ ~R(¹ ) · cd́ ¡ 1=2:

Bound for `noise' term R2d. On the event Ac
d: ¯xed thresholding is used:

R2d = d¡ 1E[
X

i

(´ (x i ; tF
d ) ¡ ¹ i )2; Ac

d] · RF (¹ ) (76)

It remains to show that ¿2 ¸ 3°d forcesP(Ac
d) to be small enoughthat R2d = o(d¡ 1=2): On

event Ac
d

d¡ 1
X

i

´ (x i ; tF
d )2 · d¡ 1

X

i

x2
i · 1 + ° d;

and so

R2d · 2(1 + ° d + ¿2)P(Ac
d): (77)

When ¿2 ¸ 3°d, we may write

Ac
d = f d¡ 1

X
(z2

i ¡ 1) + d¡ 1
X

2¹ i zi · ¡ (¿2 ¡ °d)g (78)

½ f s2
d · ¡ ¿2=3g [ f Vd

¢= d¡ 1
X

2¹ i zi · ¡ ¿2=3g (79)

¢= B¿d [ C¿d: (80)

For event B¿d, usethe large deviation inequality (27) to write

(1 + ¿2)P(B¿d) · 2(1 + ¿2) expf¡
d¿2

72f 2
1

min(¿2; 3f 1 )g (81)

= o(d¡ 1=2)
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sinced° 2
d >> logd:

For event C¿d; V1d =
P

¹ i zi is Gaussianwith mean0 and varianceboundedby f 1
P

¹ 2
i =

f 1 ¿2d: Consequently ,

(1 + ¿2)P(C¿d) · (1 + ¿2)Pf (2=d)¿
p

f 1 d N (0; 1) > ¿2=3g (82)

= o(d¡ 1=2) (83)

for ¿2 ¸ 3°d: Combining (81) and (82) with (77) shows that R2d = o(d¡ 1=2) uniformly when
¿2 ¸ 3°d:

Proof of Theorem (2) (b): We use the decomposition (30) as before, as well as the bound
R2d · RF (¹ ) from (76). By Cauchy-Schwartz, we have

dR1d · P(Ad)1=2
X

(E[´ (x i ; t̂S) ¡ ¹ i ]4)1=2: (84)

Using (42),

E [´ (x i ; t̂S) ¡ ¹ i ]4 · 4E [z2
i + t2

d]2 · 16t4
d: (85)

We usea decomposition of Ad similar to (78), along with the bound ¿2 · °d=3, to write

Ad ½ f s2
d > °d=3g [ f Vd > °d=3g ¢= Bd [ Cd:

Arguing as before,we obtain

maxf P(Bd); P(Cd)g · 2e¡ c8d° 2
d

from which weconclude,in conjunction with (84) and (85) that dR1d = O(d logd¢e¡ c8d° 2
d ) =

O(e¡ c9d° 2
d ).

6.1 Completion of pro of of Theorem 1

We now bound the terms in S2² : First

S22² · c
X

j >j 0

¾2
j j ¡ 3=2

= c²2®
X

j >j 0

j ¡ 3=22¡ j (1¡ ®)

· c0²2®:

Thus

²¡ 2r S22² · c0²2(®¡ r ) = o(1)

since®¡ r = ®2=(2¾+ ®) > 0:
Using the oracle inequality (51) and p¡ maximal ideal risk bound

S21² · c
X

j >j 0

Ekµ̂F
j ¡ µj k2

· c
X

j >j 0

j ¡ 3=2¾2
j + j

X

k

¾2
j ^ µ2

j k )

· c
X

j >j 0

j ¡ 3=2¾2
j + c

X

j >j 0

j Wpj (²)

= S0
21² + S

00

21² :
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The ¯rst term is bounded exactly as for S22² , while (55) shows that

²¡ 2r S
00

21² · c
X

j >j 0

j Cr =¾2¡ ´ 1 (j ¡ j ¤ )

· cj 02¡ ´ 1 (j 0 ¡ j ¤ ) = cj 02¡ ´ 1 (b¡ 1)j ¤ = o(1)

since(62) forcesb > 1:
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