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Abstract

Johnstone& Silverman (1997) described a level-dependen thresholding method for
extracting signals from correlated noise. The thresholds were chosento minimize a
data based unbiased risk criterion. Here we show that in certain asymptotic mod-
els encompassingshort and long range dependence,these methods are simultaneously
asymptotically minimax up to constarts over a broad range of Besos/ classes. We in-
dicate the extension of the methods and results to a classof linear inverse problems
problems possessinga wavelet vaguelette decomposition.

1 Intro duction
Supposethat we are given n samplesfrom a function f obsened with noise:
Yi=f(t)+e; i=1:::;m Q)

with tj = (i j 1)=n and ¢ drawn from a stationary noise process.Johnstone & Silverman
(1997) (JS below) discusseda number of wavelet thresholding prescriptions appropriate to
estimation of f in the presenceof correlated noisee.

In particular, they described and illustrated a method for estimating thresholds from
the data based on an unbiased risk estimate. In addition they introduced a family of
asymptotic models encompassingoboth short and long range dependenceand argued that
the good asymptotic properties (near adaptive minimaxity) of wavelet threshold estimators
are una®ectedby the presenceof correlations of thesetypes.

The purposeof this paper is to describe the proof of this adaptive minimaxity result
for the unbiasedrisk basedthresholding estimates. Even in the i.i.d. error case,the proof
given here is a simpli cation and correction of that given in Donoho & Johnstone (1995),
for examplethe technical device of random half samplesusedthere is now avoided.

As an asymptotic model encompassingsituations of both short and long range depen-
dence,we adopt the setting usedin JS. We provide somedetails on the decorrelating e®ect
of the wavelet transform { for example long range dependen errors are cornverted in the
wavelet domain into ¥4 mixing sequencesn our model. We then show how the large devi-
ation inequalities of Bosq (1993) for ® mixing sequencesnay be exploited to shov MSE
consistencyof the empirical threshold choices.



It turns out that certain linear inverse problems possessa structure (captured in the
wavelet vaguelette decomposition of Donoho (1995)) that allows many of the methods and
ideasto be carried over from the regressionwith correlated noise setting. We describe this
in brief fashionin the concluding section.

1.1 Basic de nitions and notation

We rst establishsomenotation and recall the de nition of SURE thresholding for obsened
data. Let W be a periodic discrete wavelet transform operator (in practice implemented
with a fast cascadealgorithm), and let Y be the n-vector of obsenations Yy;:::;Y,. We
supposethat n = 2J for someJ. Write

Wik = (WY)jk =023 1 k=1;:::;Zj (2)

with the remaining elemer labelled w; 1. Let p = Wf be the corresponding wavelet
transform of the signal f = (f (t;))[L,, and z = We be the transform of the noise.
To construct the estimator, de'ne " g to be the soft thresholdfunction

“s(wi,) = sgn(w) (jwi i ), 3

If the noiseprocesse is stationary, then soare the processek !  z;j\ in the wavelet domain,
and sowe denotetheir standard deviations by %. Let , ; be a sequenceof thresholdsto be
applied to the coezcients at level j, and de ne ﬁto be the estimator

br="Wk:%,)):

Here " might be soft or hard thresholding, or some compromise betweenthe two, though
in this paper we focus on soft thresholding. We write ﬁfor the corresponding estimator of
K, and set

f=wT
Under this formulation, allowing signal at low levels(j - L, sa) through without thresh-
olding corresponds to setting , ; = O for the relevant j. At higher levels, where there is a
considerablenumber of coexcients at ead level and the signal | can be assumedto be
sparse,the noisevariance 3/1? at ead level can be estimated from the data. One possibility
is to usea robust estimator suc as

¥ = MADfwj;k = 1;::: ;2 g=16745 (4)

where MAD denotes median absolute deviation from zero and the factor .6745is chosen
for calibration with the Gaussiandistribution. Other estimates are of course possible,for
example mean absolute deviation. We do not dwell on the estimation of the variance; we
assumefor the rest of this paper that it hasbeencarried out, and treat 3/13 as known.

We measureerror in the L? sense,and de ne the risk measure of an estimator by
R({t ) = Ek{l; pk2 where the norm is the usual Euclidean norm. Since the discrete
wavelet transform is orthogonal, the risk of an estimator will be the sameas that of its
discrete wavelet transform and so risk results obtained in the wavelet domain carry over
directly to the original \time" domain.

As shawn in Johnstone & Silverman (1997), the co-ordinatewisenature of thresholding
implies that the Stein unbiasedrisk estimate investigatedin the i.i.d. Gaussianerror setting
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by Donoho & Johnstone (1995) remains unbiased, even in the presenceof correlation. To
be speci ¢, we temporarily consider a general multiv ariate normal model in which X »
Ng( V). Stein's method shaws that the meansquarederror of an estimator i= X + g(X)

may be written
EKX + g(X)i pk? Eftr V + kg(X)k?+ 2tr [V Dg(X)]g (5)

EfU(t; X)g;

s&y, where Dg(X ) denotesthe d £ d matrix with entries @;i=@; (X). In the caseof soft

thresholding at t, the kth component of g is

8
< jt Xk >t

O(X) = . Xk jXij-t
+1 Xk < ijt

The key point is that thresholding operates co-ordinatewise,sothat gy is a function of xy
alone, and the matrix Dg in (5) is therefore diagonal.

If the covariance matrix V is homoscedastic, %y ~ 3%£. If ¥ is unknown, it can be
estimated by 37 as de ned in equation (4). We will treat ¥ as known, and via rescaling
(x = X=%) we may assumethat ¥# = 1. The unbiasedrisk criterion is then obtained by
substituting the properties of g:

X
Uit)=d+ (x2"~t2)§ 2fixyj - tg; (6)
k

which is identical to that usedin the i.i.d. case.We therefore proposetaking
f(x) = argming ;. P 21555 O(1): (7)

As explainedin Donoho and Johnstone(1995) this minimization can easilybe accomplished
in O(dlogd) time.

For “small' sparsesignals,the noisecoordinates can swamp the signal coordinatesin their
cortribution to the SURE criterion. The behaviour of f can be erratic, so one alternativ e
is to retreat to the use of higher, " xed' thresholds tF: For further details, see Donoho
& JBhnstone (1995). The pretest comparesan unbiased estimate of kpk2, namely s3 =
d 1 9x2; 1,to athreshold °4:

l/ZIOZIogd si- °d
t(x) = f(x) S§> oy (8)

Thus the unbiasedrisk choice f* of (7) is chosenonly when the pretest rejects.

Returning to the wavelet thresholding setting, we apply this prescription separately on
ead level to the coexcients wj = fwj i k= 1;::: 2 g. The stationarity assumptionimplies
the homoscedasticiy condition neededin the derivation of (6). We then set

. = BHw =%); L-j-Jik

1.2 Asymptotic model

In Johnstone& Silverman (1997), it wasarguedthat a useful classof asymptotic caricatures
of the nite samplemodel (1) is given by

Y (t) = F(t) + 2®By (1); t 2 [0;1]: (9)



Here, our target function for estimation isf = F%and By (t) is fractional Brownian motion,
namely the zero mean Gaussianprocesson R with covariance function r(s;t) given by

r(s;t) = (JSJZH + it gt s, St2R;  H2[1=21):

The parameter®= 2(1j H) 2 (0; 1], and the scaleparameter? is thought of asproportional
to ni 172

Let Ajk(t) = 272A(2'tj k) be awavelet basison R derived from a suitable wavelet A of
compact support with corresponding scaling function A. Here the index , runs over a set

a de_ned by pairs (j;K);j . jo;k = 1;:::;2 for the wavelet funct|on§2and Goi L; Iﬁ k =
2JO fohthe scaling functions. F%m the inner productsy = A dY;u = A,f;
and = A dBy where°? = Varf A dBug= ¢?211(i ®: Note that forj = joi 1;

the mner products are taken with A To avoid annoying but inconsequetial end e®ects,
we argue as in Johnstone & Silverman (1997) that a model nearly equivalent to (9) (i.e.
involving an approximation of the variance structure valid up to absolute multiplicativ e
constarts) may be obtained as

y, = | +2%z; 2 m; (10)
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The noise variables z_, which all have variance 1, are correlated, but can be shown to be
of \b ounded dependence"in the sensethat, for all |,

0<c- Var(z jz;* 6,)- L (11)

We can think of the initial segmers fyj, :j < J = logon;k = 1;::: ;2 g in model (10)
with 2 = ¢¥®ni 12 as being analogousto the empirical coetcients w;y in (2). While this
is not literally correct, of course,one can usethis identi cation to transfer intuition from
the asymptotic modelsto empirical data.

It is, however, simpler to do rates of cornvergencecalculations in the approximating
model (10). By somegeneraldecisiontheoretic and wavelet theoretic machinery (Donoho &
Johnstone 1997a) we expect that theseresults can be carried over to the original regression
model (1), but for reasonsof spaceand complexity we omit the details.

It will be assumedthat the parameters® and ¢, are known|since the latter is a simple
scale parameter, we will set ¢ = 1 without further loss of generality. We will therefore
have 2 = ni 172, °2 = 2i1(Li ® and 9% = 22®°2_ This model encompassedoth the long-
range dependenceapproximation (10) and, by setting ® = 1, the short-range dependence
approximation.

We shall considerresults for a broad range of function classesfor the regressionfunc-
tion f, corresponding to sequencespacemodels for its coexcients pu . A °exible scale of
functional classess q;gven by the Besor family, which is speci ed in sequencespaceform as

follows. Set ki kb 2 juiP and

x
big(C) = f(i) :  2%%kykd- Clg  s= %+ 1=2j 1=p:
i=0

For a fuller discussionof these spacesand the important roles of the indices (%4p;q) see
Frazier et al. (1991) and Donoho & Johnstone (1997). Here we note simply that %is
a smoothness parameter, corresponding to the number of derivativesthat the function f

possessein L,. The casep = q= 1 correspondsto HAlder smoothness,de ned by the
uniform condition jD™f (x) | D™f (y)j - Cojx i Yj*, where%= m + +with +2 (0;1].
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To state the main result, we consider the sequencemodel (10), and soft threshold
estimators of the form

i = ’(s(y, Y1) (12)
_ 0 j- L
BV R

where tis the pretest threshold given in (8).
If the parameters (34 p;q; C; ®) were all known, then the best possible estimation error
of any threshold choice over the classbf)/‘;q(C) is given by the minimax threshold risk

2. W4 —
RT.0(% bp(C)) = Igf)uz%yp Ekily) i bk

where p(t) stands for the estimator (" (yj«;tj))jx and kuk? = P 2o KiL K2 is the "5(a)
sequencenorm. From results of Wang (1996), it is known that this minimax threshold
risk in model (10) is of the sameorder in 2 as the minimax risk over all estimators: i.e.
there is no great loss of exciency, even in the presenceof long-range dependence, due
to co-ordinatewisethresholding, and over b’,(C), we have Ry;g(ni 172) 3 ni "(*®); where
r(%®) = 2¥%R=(2%+ ®):

Against this badkground, we have the following result for the estimator [ (° of (12) using
the unbiasedrisk basedchoice of thresholds:

pP_—
Theorem 1 Setthe pretest thresholdin (8) at °y4 = 2 og2d and let ¢ = (1=pj 1=2),.
Supmsethat (p;g) 2 [1;1 );C 2 (0;1 ) and %> max(®¢ ;¢ | ®=2;2®¢ | ®=2). Then, as
n=21=21 1,

sup EK{I"i pk? - Ryg(n' B (C))(L + o(1))
W2 g (C)

This theorem says that the unbiasedrisk choice\gets the thresholds right" asymptoti-
cally: without needingto know (% p;q; C), and over a wide range of ®, the estimator doesas
well asif these parameterswere known and usedto explicitly setoptimal thresholds. Note
especially that the extra logarithmic term presen in Theorem 3 of Johnstone & Silverman
(1997) has beenremoved, due to the lower thresholds chosenby the data-basedrule.

In our result we do assumethat the dependenceparameter ® and overall scale ¢, are
known, and sowe do not incorporate estimation of scalethrough estimator (4). In Johnstone
& Silverman (1997) it was shovn how to incorporate estimation of ® in model (10) for a
di®erert choice of threshold { we expect that a similar extension here would also be valid,
at the cost of further technical complications to the proof. The samecommert could also
be maderegarding estimation of ¢.

2 Prop erties of the fBM sequence model

Rewriting (10), we considerthe model

Yik L 20w (13)

AjkdBH . (14)

ij



In this section, we draw conclusionsabout the reduceddependencestructure of the wavelet
coexcients wjx which will form the basisfor the proof of Theorem 1. Following for example
Barton & Poor (1988), the stochastic integrals de ning w; have meanzeroand covariances
given by
z VAR z
E fdBy gdBy = (1=2¥) f(»)0(»)j»i i ®@d» (15)

In this section, we deducesomeproperties of the error processj ! fwjyg that will be
usedin the proof of Theorem 2. First, we use scaling properties of 2 (d») = j»ji 1 ®d»in
(15), along with f;(») = €2 '»R(21 1») to concludethat

ri (k) 2 Ewjewjo = 20 10 @rg(k): (16)
In what follows, chie®y for corvenience, we use the Meyer wavelet A (compare, for
example Daubedies (1992), Chapter 4). We recall, in particular, the properties
(i) suppRva[j 8v&3;i 2va3][ [2v&3; 8v&3),
(i) Onli 2%i Al W24 A, co.

1*: Decay of autocorrelations ro(k): Using (15),
Z
(1=2v)  JR)j%»ji ¢ Dd» (17)
Z
(ki ®=213 €' jR( =k)j?j! ji @i Ol (18)

ro(k)

From property Meyer (i), we can assumejA(! )j - Cm,j! jMelfj!j - 3¥g: This implies
Z 3y,

iro(k9] - (ch,=pki ® 2o T jy Mo @i 1
0

- cam ki ©1 2Mo: (19)

2*: Spectral density of k ! wgy : Decompose(j1 ;1 ) into union of intervals of length 2%
certered at 2¥Z and apply to (17)
Zy, X
ro(k) = (1=2%) &> R+ 2v§)j%»+ 2v4ji ¢ Dd»

. oz

Ya

= (1=2%) /e'k”f A(»)d»: (20)
i Va

Key picture for Meyer wavelet:

We concludethat fx is boundedaway from Oand 1 :

O0< fmin - TAM) - fmax < 1 forall jlj- Y (22)



From this follows a bound on eigervalues: For any (aj) 2 "2(Z):

P :
ikgrolii Ka
j jajj?

f max : (22)

fmin )

Indeed using (20), we have

Z Ya X -
arli Ka= (1=2) | el A0
i Ya

ik fo

and using (21) together with orthogonality of exponertials gives(22).

3*: The sqquene k ! wjy is % mixing: Werecall from (e.g. Ibragimov & Rozanor (1978))
that for stationary GaussiansequencegX ;n 2 Z), we may de ne

X X
“%n)= sup jCorr (  &Xj; b X k)j: (23)
(3 ):(bx) ) k. n

Using correlation bound (19) on k! wgk and setting = ®+ 2My,
X X X X o
Cov( awy; hbwo) - Cem jajii i kit jhbd
ji-0 k, n )e k X
Com  jayj Okbk( (n+ jj+ k)2 )
j- 0 X k, 0

e-mkakkbk[  (n+j i 122
i, 0

& kakkbk(nj 2)i (1D,

Py g2 1i 27 _jo— . - —

since g jro+ 1+ Kj crgt S =20 1) for > 1=2
From the eigervalue bound (22) on the spectral density,

X 2. f il

X
Ch min CVar ( | a; Woj ):

i
This yields a %4 mixing rate for k! wg:

Yn) - Com f b ni ® Mot (24)

min

3 Asymptotic oracle inequalities for hybrid-SURE

The goal of this sectionis to formulate and prove Theorem 2, shawing that the hybrid-
SURE prescription is asymptotically consisten, in the sensethat it essetially achievesthe
best mean squared error possibleamong threshold estimators. The result is “local' in the
sensethat it applies for eat signal *, and not just to worst casebehavior over a set of
signals.

We assumethat the data (xi)ﬁ':1 is a subset (increasing as d increases)of a stationary
Gaussiansequencesatisfying a set of conditions that we denote \Mo del S™:

Mo del S Xi =1+ z i=1;::::;d

where (z;)i2z is a mean zero, unit variance stationary Gaussiansequencesuch that
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Z,
O rz(k)= eik”j&(»)jzg(») d» whereA is the Meyer wavelet

il
(i) g(») is continuous and positive for j» 2 [¥;3¥]

(i) jog(»)j - c1j»j© forj»! 0, c2IR.

Although model S appearsto imposerather special structure on the noise process(z;),
it is preciselythe situation that appliesto wavelet coexcients fw;xg from model (13) when
the level | is held xed. Compare (16) and (17). It alsois designedto apply to the noise
processesrising in the linear inverseproblem settings described in Section 5.

Let us note someconsequencesf Model S which will be usedin the proof of Theorem 2.
Theseproperties re°ect the fact that Model S forcesthe sequencegz;) to be\close to i.i.d.",
and were establishedin the previous section for the caseof the noiseprocessek ! wj in
model (13).

(i) the spectral density f,(») satis es
O< fmm . fz(») ' fmax < 1 fOf j»j " 1/4
(i) correlation decay: GivenMg 2 IN; 9 ¢c3 = c3(Mg;g) s.t.
jrz(k)j . C3ki C2i 1j 2Mo;
(i) ¥2mixing:

Y%(n) - (c3=fmin )ni &1 2Mo: (25)

To state the theorem, we de ne the ideal thresholdrisk:
o
RE)=infd?1 r(t1))
‘ i=1
wherer(t;1;) = E[ s(x;;t) i *i]? (compare (3)) and the "xed thresholdrisk:

xd
Re(*)=d ' r(tg:):
1

As in Section 1.1, we de ge our hybrid-SURE thresholding estimator in Model S by
setting x = (xi)&,; s3=d 1 9(x?; 1); and

“(y.-tF f 2, o
nogyy = Cita) Tsgo Ca (26)
(xi;f) if s3> °g

where

P 2logd:

o
I}

t=arg ming. ;. ¢ SURE(L; (xi)); t



. P _ . . .
Thus, when ¢2 = ¢2(t) = di 1" 912 s small, the hybrid estimator will usually default
to the xed threshold choice. When * ~ 0; this is guaranteed by the following large

deviations inequality for sﬁ, establishedin the Appendix. Supposethat fz;i = 1;:::;dg
is drawn from a Gaussian stationary sequenceof mean zero, variance one and bounded
spectral density f (! ) on [0;%): f1 = supff(!):0- | - Yg.Then
. o ~ o dt P
Pfjsg > tg- 2expfi o ¢min(t=f1 ;1)g: 27)
1
Theorem 2 Assume stochastic model S, and that

P
1, °9>> dillogd:

B

a) For each” > 0, uniformly in * 2 IRY

dIEKD"; 1 K2 R()+ Re()Ife2. 3949+ O(d i 2): (28)

o

b) There exists a positive constant ¢, such that uniformly in * for which ¢2(*) - % ds

dilE k2?1 k2. Rg(t)+ O(logde =9°3): (29)

Notation. We begin the outline of the proof of Theorem 2 with somede nitions. Let Fq
denote the empirical c.d.f. of f1;:::;14g: The empirical loss of thresholding estimator
(s(xis)fy is

'lXj - 2
CtF)=d ™ [(xit)i i
1
and its corresponding risk

xd
r(t Fo) = EC(LFg) =dt r(gt):
1

The unbiased estimate of the risk of (" s(xj;t)) is given by

xd
Ug(t) = di b 1 2fx2. t?g+ x?~ t?
1

and it satis es EUq4(t) = r(t; Fq). The ideal threshold risk is de ned as

R(*) = inf r(t Fo):

We use a pretest decomposition basedon the event Ay = fsg > °40, which tests for the
presenceof signi cant signal. Thus,

Rg(*) = di 'TEK ™% 1 k? = Ryg(*) + Rog(?) (30)



and to establish Theorem 2, we show that

Rig(*) £ di 'Efk 2% * K% Aqg- R(*)+cdi?
Roa(t) £ di tEfk 2% 2 K5ASg: Re(1)Ife2 - 3°gg+ o(di 172):

Strategy for \signal" term Rig: On Ay, we use SURE threshold f, sothat

X
Rig(*) - d' !t [ (xi;f)i 1i° = EL(E F):

(t; Fg) and O(t) are both unbiasedfor E L (t; Fg), sowe have the bound and the basic
decomposition
Rug(*)i R(*)- E¢gq

¢q=CEFg)i r(Fg)+ r(f;Fa)i Ua(f) + Ua(f) i inf r(t; Fa):
We bound ¢ 4 via maximal deviations of empirical processtype:
j¢ i - KC(GFg) i r(6Fg) ki +2 kUg(9 i r(GFq) Ky ;

wherekgky = supfjg(t)j; 0- t- tha.
For Ryq, the task is thus to show a uniform bound on the expected maximal risk
deviation

sup E: kC(GFg)i r(¢Fg) ke - cd i1
12|Rd

and a similar bound for the unbiasedrisk deviation. For this purpose,let

Wy(t) C(t; Fa) i r(t; Fa)
Zy(t) Ug(t) i r(t; Fq)

For expectations of V = kWgk; or kZ4k; , we usethe simple bound

EV - c+ (EVA)FPP(V > o2 (31)

wherec = cq will be of the desiredorder O(d | 172).
To estimate sup norms, we use a simple discretization: let tj; = j+ and J denote the
set of indicesj for which t; 2 [0;t}]: Clearly,

kf ki - supjf (tj)j + sup¢ f (tj;4); (32)
J J
where
Cf(t; ) =supfff(t)i f(t)j:t- t- tj+ g

Analysis of Wy We now describe how we reduce the analysis of Wy and Z4 to the
application of appropriate exponertial inequalities for dependen sequencesWrite

o
Wq(t) = d'l_ [ (xi;t) i 220 r(tt)

dl v, (33)
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from which it is seenthat t ! Wy(t) is continuous and piecewisedi®ereriable. From the
formula for r(t; 1) in Donoho & Johnstone (1994) and direct calculation,

0- @t1)=@ - 2t and (34)
(@@ [ (xi;t)i il*= i 2sgnxi[z i (sgnx;)t] (35)
from which
kWgks - 2 avejzj+ 4tqg: (36)
Let
Ad = \j2sfiWq(t)j- di g

Bd

kW, - 6tyg
Then, solong as * satis es 6tq+ - d i 172, we have, from (32)
Ag\ Bg) KkWgks - 2d i ¥2 (37)

In view of (31), (37) and the correspnding bound (72) for kZ4k; described in the
Appendix, the chief remaining task in the bound for the signal term R4 is to obtain good
tail boundsfor the probabilities of Ag; B§; C§ and D§. When the errors z; arei.i.d., this was
accomplishedin Donoho & Johnstone (1995) using the well known Hoe®ding exponertial
inequalities for large deviations. When the errors z; are dependert, but strongly mixing,
Bosq (1993) hasprovided someexplicit large deviations inequalities of Bernstein type which
we restate here for the corvenienceof the reader.

Bosq'sinequalities. Let (Xj;i 2 Z) be a zero-meanstochastic process,and let Fii1 and
Fi1+p be the sigma- elds generatedrespectively by fXg;s - ig, and fXg;s, i+ pg: The
®j strong mixing coexcients are de ned by

B

®(p) = supsupfj P(A\ B)j P(A)P(B)j;A2F); ; B2F4,0u
i AB

The rst Bosqinequality is oriented towards bounded X; and is given in the Appendix.
The secondinequality imposesthe “Cramer conditions':

Prop osition 3 Assumethat there exist constantsm - M such that

(@) 0<m- EXZ2- M; i22Z (38)
() EjXij" - MTI2IEX? ° | 3 i22Z:
If Sh= X+ :::+ Xp,and1- py, - %,thenfor every2> 0and° , 2, wehave
P(iS,j > n? 2pi+ 1+ M Dexp( N 39
(iSnj ) (2pn ) exp(i W5+2|O—n) (39)
+d- (1+ 21 1) " n@(py)? (40)

where - = °=(2° + 1) and

T 4 -
do = 11m Ci D=7 (o= S0+ )]
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We illustrate the use of Proposition 3 to bound P(Ay): We show that the Cram$r
conditions apply to Xi = Yi(t) + % where Yi(t) is deTed in (33) and 2 %" N(0;1) are
introduced simply to ensurethat EX? | E2? = 1; sothat m = 1 jn (38). Since?; have a

distribution symmetric about zero, one can verify that, with Sy = ‘1’Xi;
Pfi Wq(t)j > cg- 2Pfdi jSyj > cg: (41)
Analysis of soft thresholding shows that

(ot WP - 2@+ ) and (42)
rgt) - 1+t% (43)

Using the boundsEjU+ Vj - 2°i fEjUj" + EjVj°gand EZ?¢ . 2Kkl for Z » N (0;1); and
after someanalysis, one veri es that (38) holds with the consenative choiceM = My =
163(1 + t3)*:

Bound (25) provides cortrol on the % mixing rate ¥z (p) for the underlying stationary
Gaussiannoise sequencef Zjg: We call upon somestandard results relating mixing coez-
cients to derive bounds on ®x (p), the ® mixing rate neededto apply the Bosq bounds.
Indeed

B (p) - Y& (p) (44)
Yo (P) (45)
Yz (p): (46)

It should be noted here that

Y (p) £ supsupfj Corr (U;V)j © U 2 La(Fly )iV 2 La(Fd g
I

which reducesto the earlier expression(23) only in the stationary Gaussiancase. Inequality
(44) is standard (Bradley 1986, p. 166), while (45) follows, e.g. from the Csaki-Fischer
theorem (Bradley 1986, p. 173), and (46) follows becauseY;(t) is a function of z;. We
conclude, for the Meyer wavelet, that for any M,

®x (p) - Comf il pt ® Mo: (47)

To apply Proposition 3, setc= d i 12 in (41), and pgy = d : We may write bound (47)
in the form ®&p) - ap' ® wherea and b depend on (® Mg). Using c; to denote a constart
depending on ° alone, we obtain from (39), after somebounding,

Piiwg(t)j, di'?g - 2y (48)
210 = 2d exp(i d =60Mg) + ¢ M 2t @O+ i1 (49)
This bound, with appropriate choice of M allows control of P(Ag): The completion of

the bound for EKWgk; , the corresponding bound for EkZ 4k ; and the treatment of the
‘noise'term Ryq4, and the proof of part (b) of Theorem 2 are deferredto the Appendix.
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A modied oracle inequalit y for xed thresholds Before concluding this section
we state a slightly improved version of the oracle inequality of Donoho & Johnstone (1994)
and Johnstone& Silverman (1997). From Lemma 1 of Donoho & Johnstone(1994), the risk
of univariate soft thresholding satis es the following two inequalities for all t > 0;* 2 R:

rt) - r(0y+ 12
r(gt) - 2+ 1
Combining theseyields
(1) - r(t0)+ (t2+ 1)(* 2~ 1):
This yields immediately:

Prop osition 4 If X; has marginal distribution N (*;;1);i = 1;:::d and ; denotes co-
ordinatewise soft thresholdingat t, then

xd
Ektyj tk?- dr(;;0)+ (t2+ 1) 1271 (50)
1

We recall from (A2.6) of Donoho & Johnstone (1994) that fort | 3=2,
r(t;0) - 8ti SA(t):

In particular, if tq = © 2logd, then r(" 2logd;0) - 2di Y(logd)i 32 and

xd
Ek?y, i 1k?- 2(logd)i 32+ (2logd+ 1) 1271
1

Finally, if now y; hasmarginal distribution N (W:;%2):i = 1;::::d, if (F denotessoft thresh-
olding at t4% and if d= 2, then

X
EKIF i pk®- (P32 +] @1 9A): (51)

The signi cance of (51) vis-a-vis previous versionsof the oracle inequality is that the rst
term ji 323%% is now a summable sequencein j. We note also that the bound (A.24) in
Donoho & Johnstone (1995) is incorrect { consider¥ ~ 0 { but that systematic useof (51)
below corrects the error.

4  Pro of of SURE Minimaxit y

In this section we describe the main stepsin the proof of Theorem 1. We assumemodel
(13) and note that it implies

Var yj = ¥ = 22021 10 ©), (52)

We rescaleto usevariance one oracle inequalities by level:
Yo
Xji = (Yj=%) ro oy Y <L
o= () HKOD= o) ) L

5

13



whereL is xed. Then

Ekii pk?

E(ﬁfk i M k)2

j K

. X X
297+ ( + ) FEKR(xp) i 1k
j<t L-i-jo i%o
0(22®) + S12 + Spe:
Our approad is to decomposeE kﬁ“ i Hk? into low, mid and high levels:
2 low levels (j - L): trivial, sincel is xed.
2 mid levels(L - j - jo): useglobal oracle inequality (28)
2 high levels( > jo) : use small signal' oracle inequality (29).
Hence, using the global oracle inequality (28) for mid levels:
X o im
Se - 2YIR(E)) + RE()IFe? - 3°jg+ c2 117g
j-io
= 8112 + 8122 + 8132

and using the small-signal inequality (29) and the bound dlogd ¢ei ©9°¢ = O((log d)i 3-2)

for high levels:
X

S 2l 3/112RF(1j) + Cg/]gji 3=2
i>jo
= Sp1z + Sy
Focus rst on the main term, Spi::
X 2
8112 : Ipf Ekll.\lj‘(tj) i M k
J

i-Jo
Hence,by maximising over £ = bi{‘;q(C):
2
supSie - inf supEk{l)i nk
£p H (t) £p Hyy i H
= RE(%E) ° 2

The proof is completed by showing that we may choosejo sothat all other terms are
0o(2"). Westart with Syz : let ¢ = 3° 2% with °; = 21 " 1: Then

X
Siz - EKQF i wkiIftkpk? - ¢g
D X
c fji%PR+j A Paltkpk? - g
j+io k
where we have usedthe modi ed oracle inequality (51). To further bound S;2:, we borrow
a de nition from Theorem 3 of Johnstone & Silverman (1997):
X
sup 12 A x2
|1<xkp- C 1
’ min(n2; CP+2i P)
min(n+2; C2nti 27p)

Wp(£C;n)
0- p- 2
2-p- 1

14



where, in both casesthe minimum is obtained at n+? if and only if +- Cni *P: De ning
alsothe Beso ‘rings'":

£0) = £\ fu:yo = 0;8/°6 j;8kg
one cheds easily that £ U) is essetially isomorphic with the “p ball fiy : kyjk, - C2i Sig.
Hence
X X L _

supSiz - ¢ jJI¥FF+ e jminfWy(%;C20 ¥ 2)Wa(%; 25 2)a:

£ i o i o
Write Wy (2); Wo; (?) as abbreviations for the precedingterms. We rst analyseWy; (2). In
the casep - 2,

L 2l 3/ if 3, . C2 slii=p
Wy (%;C2 ;2 = % - "7 o (53)
CP2i s P?/fI Pif % > C2i Sl i=p:
The function j ! 213# = 2202® grows exponertially in j while j | CP2i s p3/112i P =

(C2i ®)p22®2i jpl7#+ &1=2i 15p)] decreaseexponertially in j. The functions crossat the switch-
ing value j» 2 R given by the solution to the equation % = C2i ($*1=Pj  namely

2]::(3/4|'®:2) — Czi ®: (54)
The value at the crossingpoint jo (which yields the maximum of j | Wy (?)) is then
2]:::-%12n - 22®2jn® - Cr=3/22r

(recalling that r = 2¥®=(2%+ ®).)

For the casep > 2, the situation is the sameasin (53) exceptthat the secondterm is
now C22i 2si 2i (i 27p) = C22i 4% Note, however, that the switching value j» is still given
by (54). In summary, we concludethat j ! Wy;(?) decays geometrically from a maximum
jo!

Wi (2) - C'=%=2 ¢pi i el “1>0 (55)
solong as
¥a> ®&1=pj 1=2);: (56)

For small j, howewer, the small signal constraint cortained in Wy (2) leadsto the better
bound. Indeed, sinceW,(% C;n) = n£2~ C?; it follows that

. P .
Wy (2) = 2%~ ¢ = ¢, - 320 120220
Recalling that r = 2¥®=2%+ ®);®j r = ®=(2%+ ®) and (54), we obtain
2i erZj (2) . 3C2®=(23/4+ ®)2i p]ﬂ.(ji jo)® (57)

Combining (55) and (57), and letting ¢ = ¢(®;%C), we get

X X
212 supS1z - o(l)+c jRTWy(R)+c 2 TWy(2)
£ i1 o i1 X o
o(l) + ¢ j2 *(Jij=)®y ¢, j2 1(ije) = o(1)
i<i1 I
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if we choose,for example,j1 = jo+ (10g;]a)?:
Turning now to S;3 we have

X
2i 2r Siz = c22(®i 1) 21 (®+7 1=2).
i-Jo

Since (®j r) = ®=(2%+ ®); this term is automatically o(1) if ®+ ~ | 1=2 < 0: On the
other hand, if ®+ "~ | 1=2> 0, then

20 g o, . c22(® 1) pio(®+ i 172).
Writing jo = bjs and recalling (54), we nd that the exponert of 2 is positive when
b< ®&(®+ " 1=2): (58)

The analysis of terms in Sy is straightforward (and deferredto the Appendix) except
for the constraint on jo imposedby the “small-signal' requiremert of Theorem 2, namely
that the inequality ¢2 - (1=3)°; bevalid for all 2; = y=2and y 2 £0) for j , jo: Since
£0) is essetially equivalert to the “p, ball fiy : kykp - C2i S g; the requiremert is that

SuK G © k- C29g- (19,29

for all j , jo: Noting that supfk uk3,, : kpkpn - rg = n@i 2P+ r2; and recalling that
2 37% = 21®22®: the condition is that for all j , jo,

C22i 2sj+(1i 2=p)+j | (1:3)01 2®] 22®: (59)

P
Let %= sj (1=2j 1=p+ = % ¢ since¥equals%if p, 2andsif p< 2: Since®; = 2 J,
condition (59) becomes

302" Ti (@2%] . 220,
If ®+ 2%> 0, the function j | j(®+ 2%); pJrisincreasingforj . j+(®% = [2(®+ 23] %

Sincejo = jo(?) " as2! 0, we get for suzxciently small 2 that (59) will hold for all j , jo
solong as

®+ 23> 0 (60)
3022pﬁi jo(®2%) = 226. (61)

Writing jo = bjs where 2= wasdened at (54), it follows by comparing exponerts of 2
that (61) is met for all small 2 solong as

b> (®+ 2%)=(®+ 2% 2¢): (62)

In summary, all terms other than S;3. are o(2%") so long as (56) and (60) hold and
jo = bja can be chosenso that b satis es both (58) and (62). Some algebra shows that
theselatter conditions amourt to

%> ®¢ ;%> ¢ | ®2; and > 2R¢ | ®=2;

and this completesthe proof of Theorem 1.
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5 Extensions to a class of linear inverse problems

The purposeof this sectionis to sketch how the precedingresults for threshold selectionin
correlated noise might be carried over to a classof linear inverseproblems. The discussion
will be informal and mostly by example. We imagine data obsened indirectly in a model

y=Kf +z (63)
where K is a bounded linear operator of L,, and Cov(z) = |: Speci ¢ examplesthat we
have in mind include

1. Integration
Z u
Kf(u) = f (t)dt:

2. Fractional Integration

St g,

ot uti® 0< @<l

Kf(u) =

(Here - is a homogeneoudunction of degree0, and for example, ® = 1=2 corresponds
to the Abel Transform)

3. Certain Convolutions:

Kf(u) = le kK(ui t)f (t)dt; where
R() » j!lji® asjlj! 1:
Examplesinclude
k(x) = elXlfx< 0g () ®=1)
or Zeil X () ®=2):

The heuristic connection between correlated noise and linear inverse problems can be
expressedalmost trivially . Consider a correlated regressionmodel y = f + e where e has
covariance operator 8§, and supposethat § has invertible non-negative squareroot L, so
that § = LL® and e 2 Lz: Formally writing Li Yy = Li f + z, we may then identify K in
(63) with §i 172

To exploit this connection, we usethe notion of a wavelet-vaguelette decomposition of
K dueto Donoho (1995). This is a modi cation of the singular value decomposition which
aimsto simultaneously almost diagonalizeK and achieve sparserepresertations of functions
f likely to be of interest.

We review someelemers of the WV[E, herg. Sgpposethat the function f we wish to
recover has wavelet represertation f = H;Aj«iAjx: Howewer, the obsened data is (a
noisy versionof) K f , sowe supposein addition that it is possibleto construct represetters
°jk sud that

[Kf;ojk]: H;Ajkii

17



Then for obsened data yjx = [y; °jk]; we have
Eyjk = [Kf;°k] = H; Aji;
which motivates use of a thresholding basedreconstruction rule:

X N
= "k B Ak
ik

The proposal here, of course,is to usea version of the unbiasedrisk estimate (SURE)
to estimate f} from the data y.

Two conditions will be necessaryfor asymptotic results on the validity of this thresh-
olding proposal. First, the WVD structure itself requires ne scalehomogeneiy:

kojkka» 2°; it o1 (64)
uniformly in k. Secondly we impose
if f =0, k! vyjk is astationary sequence (65)

The proposedestimator essetially applies existing software to the data (fy;«9):

1. (Data:)
Wik = [Y;°jkl:
2. (robust scaleestimates): Fix L
forj, L; & =MAD:(yji;k=1:::;2)=6745
3. (hybrid-SURE thresholding)
. 12Vsdjn°(wj%j) SEAL

4. (reconstruction)

By Parsewl's inequality
X
Ekf'i fk2=  EjwW | w;j?
wherew; = fwj;k=1:::2 ¢
To formulate an asymptotic result, considera Gaussianwhite noisemodel for our linear
inverseproblem:
Y (du) = Kf (u)du + 2W (du); u?2io;1] (66)

and corvert it to sequencespaceform by integration against the collection of represeners

o .

[CY]=[ KE]+2[° ;W] 2 o

5
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sothat, using an obvious notation,

y, = B t2w , 28 (67)
We proceedby analogywith the fractional Brownian motion model (10) but with a di®eren
noise normalization. Indeed, the obsened noise componerts have covariance structure

A Z

Ew wo= ° 5= ¢ To

and in view of (64) and (65), we have at level j, ¥ = Var(w ) » 24722, As an example,in

the caseof fractional integration, wheret (!) = % ¢A, ('), we nd

. .' .2®
Ewwo= A Ro_J'J _
R

The covariance structure of k ! fw;,g is thus analogousto that of the wavelet coez-
cients of fractional Brownian motion (compare (13)). In particular, in the exampleslisted
earlier, Model S will apply. (for example, for fractional integration, g(») / j»2®5 »)j%)
Note however that the noise level here is parametrized by 2 (and not 2®), and that the
levelwise variances %% » 22°22 ill, for the typical casein which ® > 0, grow with j (in
cortrast to the fractional Brownian motion casein (52). In the construction of the hybrid
estimator (26), itpis necessaryto usehigher thresholdsin the small signal casewhen sg < °4:
here we replace’ 2logd by

dl:

th = P 2 logd:; (68)

where = 1+ 2°,; and °, = max(°;0). This phenomenonwas originally noted by
Abramovich & Silverman (1997). With this modi cation, Theorem 2 remainstrue at eath
resolution level j .

It is now possibleto mimick the proof of Theorem 1 to obtain an asymptotic adaptive
minimaxity result for the hybrid SURE estimator, simultaneously over a broad scale of
Besor constraints.

Theorem 5 Suppse that operator K in model (66) possessesa WVD satisfying (64).
Supmse that the sequene data (67) satis_%s (65). Let ﬁ“ be the SURE pretest estimator
specied in (12) with % = 222%] andtj = ~ 2 Togd in (26) for ~ = 2° + 1: Set®= 2° + 1
and ¢ = (1=pj 1=2):: Then for (p;q) 2 [1;1);C 2 (0;1) and %> maxf®¢ ;¢ j
®=2;2®¢ | ®=2g,

sup  EK{I"j pk®- RF.(ni %1 (C)( + o(1));
H2b%, (C)

and, as shownby Donoho (1995),
Ry, () (NP 172) 2 ni 0P (79 = 2729+ 1+ 2°);

Notice that the range of validity of this result is constrainedto functions of greater smaooth-
nessas ° increases(in the sparsecase,¢ > 0.) This phenomenonis discussedfurther in
Mallat (1998) who also shawvs how appropriate wavelet padket basescan be usedto address
the problem.
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6 App endix

Proof of (27). Usingthe spectral represernatiorbofthe prlgcess‘ zig, wecan nd i.i.d. N(0;1)
variates 3; and eigenvalues, g - f1 sothat ‘1’2,2 = ‘f iq32: Setting ® = di ! 4, we
have

Using the elemernary identit y
X P -
Pfi &2 1)j>tg- 262" i uit

for juj - 1=4(max®j), and optimizing over u, we obtain (27).

Pro of of Theorem 2.

Bound for P(Bg): It follows from (36) that favejzj - tyg implies B4: On the other hand
(avezij)? - s3+ 1; so
P(BS - Pfsi>tii 19
of d(ti D81 — 2 .

where we have used the tail bound (27) for sﬁ: Clearly 2,54 << 2,4, sowe will ignore this
term below.

Completion of bound for EKWgk Bound (31) calls for a crude bound for EKWgk? . Using

KWgky - Wg(0) + tgkWgky
Wy(0) + 4t3 + 2tqave jzij;

together with the obsenation that Wg(0) 2 di 1(A(2d) i d) and (ave jzj)? - s+ 1; leads,
after somecalculation, to

EkWgk? - (8t3)%:

Substituting this and (48) into (31) (with ¢ = 2d 1 172) and letting Ng = tq== 3
6t3d'=% * denote the number of discretization points, we have

o p
EkWgk; - 2d 112+ 83 N2y,
uniformly in* 2 R: The dominant term in P Ng21q IS
P Ng21g Va M FF4t,d@=208=2i “i b7+ 1=2)].
so somealgebrashaws that EkWgk; = O(d i 72) solong as

b= ®+ 2Mo > [5=2; 3 + (1=2] ") -]=(2" ): (69)
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Analysis of Z4 By de nition,

xd
Zgtty=d' b 1 2fxP- g+ XAt r(h ) (70)
i1
X
EdlT v

The functions t ! Y;(t) are discortinuous, so we needto give a stochastic estimate of
¢ Zqin (32). If t < t% we have, using (34),

iYAYi Y- @+ (9% )1t < jxj- th+ 2tq(t% t): (71)
Let Ng(t;t9 = #fi : t< jxij- t%: From (71),
¢ Zg(tj; 1) - 2(1+ #g)di INg(tj;tj + 3) + 24
Clearly, Edi INq(tj;t; + 1) - A(0)+ where A(x) is the standard Gaussiandensity. Let

@a(t;;1) = di¥Ng(t;t + 90 ENg(t; +9g; and
Cq \ 231 Za(ti)j - di172g
Dq \jasf@g(tj;Dj - (1=8)d | ¥g:

It follows from the above analysis and (32) that if we take + = di ¥=ty, then for
suzciently large d,

Cyq\ Dg) kZgky - 2d 112 (72)

Bound for EkZk; : We rst state the inequality from Bosq(1993) appropriate for bounded
random variables.

Prop osition 6 Assumethat there exist constantsm - M suchthat
0< mp - esssupXi+1 + CCC+ Xiipj - Mp; i2Z;p, L (73)

If Sp = X1+ ¢¢¢+ X, and1- py - n=2; then for every2 > 0,

P(Si> 1) - 8exp( 5y ) + 189 M (py): (74)
25M 2 py, m? pn "

We follow the approad for EkWk;z , using now (74) to estimate P(C§) and P(Dg).
Consider rst C§, and note that (73) hold for X; = Y;(t) (de ned in (70) ) with m = 1
and M = 2+ t2: As before, we have the ®mixing bound ®x (p) - ap' ® with b= ®+ 2My:
We apply Proposition 6 with parameters2 = d i 172;py = d ; and nd, after simpli cation,
that

Pfj Zq4(t)j , di 1=2g . 244
239 = caexpfi d =25(2+ t3)2g+ c,d>4i (732"
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Turning to D §; we note that (73) holdsfor X = I ft; < X; < ; + g Pftj < x; <t + 19
with m = 1=4 and M = 1: Again using Proposition 6, now with 2 = d i ¥2=3 and pg = d ,
we eventually obtain

Pfi@q(tj;d)j, (1=3)d 1 ¥2g - 244

2,y = csexpfi cgd g+ cyd® (P82,

The dominant term in both 234 and 244 is O(d®4 (#*3=2)"): Noting that + tq = t3d72*°
and assenbling pieces,we nd that

PfkZk, > 2d i 172g. cgtid’=*+"i (03=2)"
SincekZgky - 2+ t3, (31) yields
EkZgk - 2d T2+ 2+ t]) 6P (kZgky > 2d T FH)E

Combining theselast two displays, somealgebra shans that EkZgk; = O(d i 72) solong
as

b= ®+ 2Mg > (34 + =2+ 2)="; (75)

Combining the conclusionsreaced from (69) and (75), we obtain for M g chosensuzciently
large, the “signalterm' bound

Rigi R() - cdi ¥

Bound for “noise' term Ryg. On the evert A§: xed thresholding is used:
_ X
Rag = d 'E[ ("(xistg)i *1)%Af]- Re(*) (76)
[

It remainsto shaw that ¢?, 3°4 forcesP (AS) to be small enoughthat Ryg = o(di 172): On
evert A§

X X
dl o T(x;th)?2- dit o x2. 1+ °y;
i i
and so
Rag - 2(1+ g+ ¢?)P(AJ): (77)
When ¢? ., 3°4, we may write
X X
A§ = fdit i D+dt 25z (P Ca)d (78)
X
o fs§- i Pl Vg2 dil 2z ¢y (79)
£ B[ Cu (80)
For evert B,q, usethe large deviation inequality (27) to write
.2
(1+ IP(Bo) - 21+ Dexpli ey min(e? 31 )g (81)
1

- O(di 122)
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sinced°s >> logd:

P
Forevert C,q;Vig = 1z is Gaussianwith mean0 and varianceboundedby f ; 1 ,2 =
f1 ¢2d: Consequetly,
o JU
(L+ )P (Coa) - (L+ APF(2=d)¢ 1 dN(0;1)> ¢?=3g (82)
= o(d' ) (83)

for ¢? . 3°4: Combining (81) and (82) with (77) shawsthat R,q = o(di ¥¥2) uniformly when
.2 o .
¢, 3

Proof of Theorem (2) (b): We usethe decomposition (30) as before, as well as the bound
Rog - Re(*) from (76). By Cauchy-Schwartz, we have

dR1q - P(Ad)1:2X (E[ (xisfs) i 21D (84)

Using (42),
E[ (xiifs) i " 4E[ZZ+ 3% - 16 (85)

We use a decomposition of Ag similar to (78), along with the bound ¢? - °4=3, to write

Ag¥afs2 > °y4=3g[ fVq> °g=3g % By[ Cq:
Arguing as before, we obtain

maxf P(Bgq); P(Cq)g - 2ei ¢

from which we conclude,in conjunction with (84) and (85) that dR;q = O(dlogdde 08d°5) =
O(ei ®d°3),
6.1 Completion of proof of Theorem 1

We now bound the terms in S,.: First

X
7 IR 3/1%1 82
1>
= 22® ji 3=25i [ (Li ®)
i>jo
c%2@:

Thus
2i 2r 8222 . C022(®i I') — 0(1)

since®j r = ®*=(2%+ ®) > 0
Using the oracle inequality (51) and pj maximal ideal risk bound
X
S - ¢ EK{Fj pk?

iSio X

o JUTREL] MK
iSio

¢ TTHrc (W)
i>io i>io

00
= Sglz + 8212:
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The rst term is bounded exactly as for Sy, while (55) shaws that

00

212 * C
i>io

Cjo2i “1(joi je) = Cj o2 “1(bi )ja = o(1)

2i 2rg ij=3/42i “1(ji o)

since (62) forcesb> 1.
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