The atomic decomposition for tent
spaceson spaces of homogeneoustype

Emmanuel Russ

Abstract

In the Euclidean context, tent spaces, introduced by Coifman,
Meyer and Stein, admit an atomic decompostion. We gereralize this
deconposition to the caseof spacesof homogeneais type.
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1 Introduction

Tent spaceson R" (n ! 1) wereintroduced by Coifman, Meyer and Stein
in [3] and this study was pursuedand dewvelopedin [4]. These space naturally
arisein harmonic analysisfor sud questionsas nontangertial behavior, Car-
lescn measuresduality betweenH?*(R") (the Hardy space)and BM O(R")
and the atomic decanpositionin H1(R"). A relewvant generalseting for these
quesions is the framework of spacesof homogeneoustype, asintroduced by
Coifman and Weissin [5] and [6]. In the presen note, we consider tent
spa@son sud spacesand prove that they admit an atomic decomposition,
following the original proof in [4].

We now debre precily our setting. Let (X,d) be a non-empty metric
spae endowed with a! -bnite Borel measire y. Forall x " X andall r > 0,
denoteby B (X, r) the open ball certeredat x with radiusr, and by V (x, r)
its measire. We call (X, d, ) a spaceof homogeneoustype if, for all x " X
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andallr > 0, V(x,r) < +# and thereexists C > 0 sud that, for all x " X
andall r > 0,
V(x,2r)$ CV(x,r). (1.2)

An eay consequeme of (1.1) is that there exist C,D > 0 sud that, for all
x" X,adlr>0andall" > 1,

V(x,"r)$ C"PV(x,r). (1.2

There are of caurse many examplesof spacesof homogneoustype. The
simplestoneis X = R", n ! 1, endowed with the Euclidean metric and
the Lebegyue measure. Let us descibe another example. Let G be a red
connectedLie group endovedwith a systemof left-invariant vector peldsX =
{X1,..., Xk} saisfying the HSrmander condition. If d is the CarathZodory
metric assaiated to X and p the left-invariant Haar measure, and if, for
any r > 0, V(r) denotesthe volume of any ball with radius r, then there
existsd " N' sud that V(r) % rd for 0 < r < 1 ( [11]). Moreover, either
G has polynomial volume growth, i.e. there existsD " N' sud that, for
allr>1,V(r)%rP, or G hasexponential volume growth, i.e. there exists
C1,C1,C,Cy > 0 sudh that €' $ V(r) $ C.e°2 for all r > 1 (see[8]).
Among the classof Lie groups with polynomial volume growth, thereisthe
strict subclassof nilpotent Lie groups, a strict subclassof which is made of
stratibed Lie groups. A red connected Lie group with polynomial volume
growth is clearly a spaceof homogeneoustype.

Another example of space of homogeneoustype is the case of connected
Riemannian manifolds with nonnegtive Ricci curvature (this follows from
the Bishop compaison theorem, see[2]). More generdly, Riemannian man-
ifolds which are quasi-isanetric to a manifold with nonnegaive Ricci cur-
vature, or cocompact covering manifolds whose ded transformation group
have polynomial growth, are spacesof homogeneoustype ( [7]).

In discrete settings, assumpiton (1.1) also plays a fundamertal role in
anaysis on graphs (see for instance [1] and the referencestherein), and is
saisbedfor instance on the Cayley graph of a bnitely generated group with
polynomial volume growth or on same fractal graphs, as the Sierpnsky car-
pet.

Let us now debre tent spaceson X. For any # > 0 and any x " X,
denoteby I'y (x) the cone of aperture # with vertex x " X, namely:

Dy () = {(y, )" X & (0, +# ); d(y,x) < #t} .
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For any closedsubset F * X, let R, (F) be the union of all cones with
verticesin F: !
R, (F) = I (X)
x" X
If #> 0 and O is an open subsetof X, then the tent over O with aperture
#, dended by T, (O), is debned by:

T, (0) = (R (0°)°.
Notice that
T, (0)={(xt)" X & (0,+# ); d(x,0% | #t}.

In the sequel, we write I'(x) (resp. R(F) and T(O) instead of I'1(x) (resp.
R1<F) and Tl(O))
For any measurablefunction f on X & (0,+# ) andany x " X, dePne

" $.
P

SF(x) = o0 Vot du(y) "

and, for all p> 0, say that f " TP(X) if

(f (Tp(x) = (S (Lp(x) < +# .
We have the following notion of atom (see[4], p. 312):

Depnit ion 1.1. Let p" (0,+# ). A measurablefunction aon X & (0,+# )
is said to be a TP(X) atom if there existsa ball B ' X sud that a is
supported in T(B) and

H##
1

dt
laly, )" du(y) V(B

X#(0,+$)

It is plain to seethat a TP(X )-atom belongsto TP(X ) and that its norm
is controlled by a constant only dependingon X andp. Conversely, when( <
p$ 1,it turnsout that any function in TP(X ) hasan atomic decanposition,
and this is the result we prove in the sequel:
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Theorem 1.1. Let p" (0,1]. Then, there exists C, > 0 with the following
property: for all f " TP(X), there exist a sequence($,),-n " IP and a
sequenceof TP(X ) atoms (an)n- n SUd that
%
f = $nan
n=0

and %

1" $ C2(F (o -

n=0

2 Proof of the atomic decomposition

The proof of Theorem 1.1, for which we closely follow [4], requiresthe notion
of %density (see[4]). Let F be a closedsubsetof X, and O = F°. Assume
that p(O) < +# . For any bxed %" 10, 1], say that x " X has global %
density with respectto F if

uB) F)
uB)

for any ball B certered at x. The se of all suh xOds denotedby F'. It
is a closedsubsetof F. DebnealsoO' = (F')C. It is clearthat O ' O'.
Moreover,

' %

O' = {X;M(Lo)(x) > 1* %
whereM denotesthe Hardy-Litt lewood maximal function. As a consequence,

(') $ C-p(0). (2.1)
The following integration lemma will be used:

Lemma 2.1. Let &" (0,1). Then, there exists %" |0, 1] and C- » > 0 such
that, for any closeal subsetF of X whosecomplementhas pbnite measure and
any nonngyative measurable function H (y,t) on X & |0, +# [,

Hi#t # &## '

H(y,t)V(y,t)dpu(y)dt $ C- » H (y, )du(y)dt  du(x),

Ri—1 (F*) F I( x)

whee F' denoesthe set of points in X with glotal density %with respect to
F.
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Proof: We claim that there exists ¢* > 0 sud that, for all (y,t) "
Rages(F '),

W(F) B(y,t) ! cV(y,t). (2.2
Assumethat this is proved. Write
# &H# ' #Hi#
- )H(y,t)du<y)dt du(x) = H(y, t)1e (x, y, t)du(x)du(y)dt
where

E={(xy,t)" F&X & (0,+# ); d(y,x) < t}.

Onetherefae has
# &## ' Hit

H(y,t)du(y)dt du(x) = H(y,t)u(F ) B(y,t))du(y)dt
F I( x) HHR(F)

! H(y, )u(F ) B(y,t))du(y)dt
#HH7- (F*)
I H (y, )V (y, t)du(y)dt.

Ri_1 (F*)

Let us now prove (2.2). If (y,t) " Ru(F'), thenthereexists x " F' sudh
that d(y,x) < (1* &t. One may write

WF) B(y,t)! u(F) B(x1)* uB(x1)) (B(y,1)°).

But, sincex " F', u(F) B(x,t)) ! %/ (x,t). Moreover, since d(y,x) <
(1* &t, B(x,&)" B(y,t), sothat

B (x,t)) B(y,t))! V(x,&)! "V(x1t),

where' = éSP and C,D are given by (1.2). It follows that there exists
c" (0,1) only dependingon & and the constartsin (1.2) sud that

H(B(X, 1)) B(y, 1)) $ cV(x1).
As a conseqience,if 1 > %> c, one obtains, using (1.1) oncemore,
MF) B(.1) | (% V(x.1)

I AV (y,1).
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This concludesthe proof of Lemma 2.1 O
We now turn to the proof of Theorem 1.1. Let f " TP(X). For any
integerk " Z, debne

Ok:(x" X; Sf(x)> zk)
and let F, = OF. The OxOsare open subsds of X and, since Sf " LX),
H(Ox) < +# forall k" Z. Fix &" (0,1) and consider alsg for %given by
Lemma 2.1, the set F, of all the points of global % density with respect to
Fx, and O} = (F,)".
We claim that I

suppf ' T106(Oy). (2.3
k
Indeed, accordingto Lemma 2.1, for any k " Z,
# dt woHE If (y,)]? dt$
If (.0 duy)+ $ C Vv dHY) T du(x)
Rii (F) n I( x) (v, t)
$ C%  (S)Z(x)du(x).
Fx ¢¢

Whenk + *# |, the dominated convergencetheaemshovsthat  (Sf )% (x)du(x) +
Fk

0. It follows that s

dt
v If (y, O dialy) =
j Rl—!(Ff)

This shows that f is zero on almog every point of  Rygs(F'). In other

. J
words, (2.3) holds. J
We make useof the following lemma (see[3], Ch 3, Th 1.3 seealso [9]):
Lemma 2.2. Let 2 be a proper open subsetof Pnite measure of X. For
any x " X, debner(x) = dx, QC). Then, there exist an integer M and a
segjuerce (Xn)n" N oflpoints in X suchthat, if r, =r(X,),

Q: B(Xn,rn>,

n

0.

=] = ;lB(xi,ri)) %lB(xj,rj):_,

N, {m;B(Xy,5rn)) B(Xm,5rm) = } $ M.
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Moreover, there exists a sequence of nonnegative functions ((n)n-n ON X

suchthat
supp (n ' B (Xn,2rn),

X" B(Xn,rn), (n(x)! Mi

%
(n:]-"-

n

Letk " Z. If O isapropersubsetofx apply this lemmawith Q = Ok
The points x, will be denotedby x¥, the radii r, by rX, the balls B (x,rk)
by BX and the functions ( , by (X, "Wheren " 1¥ and 1 is a derumerable
set. If O = X, then u(X) < +# , which forcesX to be bounded( [10]). In
this situation, set 1 = {1}, and deDneB" = X (inded, X is a ball itself)
and (X(x) =1for all x" X. Onehas,forany (x,t)" X &R!,

+ , % +

Inop* Inony D= (FX) LIrop* Inop,) (U,

ik

Indeed, if (X,t) " Tiom(Of)\ T106(Opsyq ), then x * Oy, and the two sidesof
the identity are equalto 1. Otherwise, they are both equalto zera From
this and (2.3), it follows that

% + :
f (X’ t) = f (X’ t) 1, (05) * 1r, (Og41) (X’ t)
82 % + ,
= FOGOF) L 0p* Lo,y (%1
K" Z "1k

Debre, forall k" Z and all j " 1

Hit +
= HOOPCO nen® T (0T,
A = FOOCY) Triop* oo (VB @)™,
5 = V(Bjkﬁ"%(u,-k)%-

Then % %
f = $kak.

k"Zj" 1k
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We claim that, up to a multiplicativ e constant, the a}‘@sare TP(X) atoms.
To begn with, notice that

supp a]!‘ ' T(CBjk) (2.9

where C := 2 + #2.. Indeed, this is obvious when O} = X, since B = X
in this case. Assume therefae that O, is a proper subsetof X and let
(V,1) " Tix(Oy) sud that (}‘(y) > (0. Then, d(y,(0})¢) ! (1* &t and
y" 2Bf. Weintend to prove that d(y, (CBf)®)! t. Letz" (CBf)°. Then

diy,z) ! d(z,x)* d(y,xf)

I (C* 2)rf.
Moreaver, by debnition of r, d(xk, (O, )°) = 10rf. Let) > 0. There exists
u’ O sud that d(xf,u) < 10rf +). Sinceu " (O)¢ while d(y, (O,)°) !
(1* &t, onehas

(1* &t $ d(y,u)
$ d(y, x) +d(xf,u)

$ 2 +10rf+)

and, sinceit is true for every ) > 0, it followsthat (1* &t $ 12rjk. Finally,
by the choice of C, one hasd(y,z)! t. Thus, (2.4) holds.
The very debPnition of a]-k implies that
- - dt 1
-a(y, t -4 - =
3 (y, )™ duly) VBT
C&
V(CBjk>%%1’

wherethe lagt lineis dueto (1.2). What remainsto be proved is that
% % - -
$"$ C(s(D.
K"Zj" |k
To this purpose,write
#H#

dt
ue$ If (v, O dialy)

T(CBJ)' (T1-1 (O}, ))°
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and apply LemmaZ2.1to

If (v, )1
H(y.t) = ﬁlT(CB}‘)W’t)
and
F = I:k+1 = OI(<:+1 .
This yields
## # H# X
dt If (y, t)l
If (y,t)>dp(y)— $ C
T(CBK)' (T11 (Of,y )© .0 ( )t o, I(x)' T(CBK) V(y,t)

If (y,t)" I'(x)) T(CBf), thenx" CBf. It follows that
H# dt #
Fo.ofduy) T $ € () 0dux)
s c2vicey
$ C9*V(B)).

T(CBY)' (T(Of,, )

Thus, pf $ C2%V(Bf), and, by (1.2),

lopl 1
s = V(B ()

1
$ C2V(Bf)p
& '

1 1
k k

Since,for all k" Z, the B are pairwisedisjoint for i " 1* and included in
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Oy, one has, by (2.1),
% % - - % '
$P s C 20y
K"Z j 1k 57
$ C%  2%Pu(Oy)
Y o oon) )
$ Cp (2kﬂil)2k(pﬂil)u Sf > 2k
o # o
$ Cp P ({SF > t}) dt
v, 2kl
¥,
= Cp P ({SF > t}) dt
0
= C(si(}.

The proof of Theorem 1.1is complete. O
Acknowledgements: The author would like to thank the refereefor an
interestingsuggeston to improve the paper.
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