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Abstract

We consider commutator edimates in non-comnutative (opera-
tor) LP-spacesassaiated with general sem-pnite von Neumam al-
gelra. We discuss the dilcul ties which appear when one consders
commutators with an unbounded operator in non-commutative LP-
spaceswith p £ " . We explain thosedi!culti es using the example
of the classical di"erenti ation operator. MSC (2000): 46L52, 47B47.
Received 31 July 2006/ Acceptad 2 November 2006.

1 Introduction

Let us consider the spacesL? := LP(R), 1 # p# " , i.e. the spacesof all
Lebesgie measurable functions with integrable p-th power,if 1# p< " and
which are essenially bounded,if p="

Let us bx a Lipschitz function f : R $%C, i.e. a function for which there
existsa constart ¢ > 0, such that

If (t) & F(t)| # ¢ [t1 & tof, ty,t2" R,

Let ustakex ' L' . We denoteby Ildx (or x") the derivative of x, taken
in the senseof tempered distributions. Let usrecdl that the chain rule says
that, for ewvery Lipsditz function f,

1dx

S0 =1 a e

i dt (2.1)

wheref " is the derivative of the tempered distribution f. If “‘X " LP for
samel# p# " , thenthelatter identity impliesthat %%(f (x)) Lp aswell
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wherec; is the Lipschitz constart of the function f. The latt er relation may
sene asa criterion for a function f to be Lipschitz. Indeed,let usintroduce
the following debpnition.

A function f : R $%C is cdled p-Lipschitz, for same 1 # p# " , if and
only if thereis a constart ¢ , sud that

| |

| |
2S00 #op

LP

|
| |
Fo) #o |
L

|
|
|
|
p |

dx
dt

d
— 1.2
. 1.2
for eery x ' L' sudthat 2% | Pl

In the classica (function) casewe have the following result.
Theorem 1.1. Letf : R $%C be a function. The following statementsare
equivdent:

a. the function f is Lipschitz;
b. the function f is p-Lipschitz, for somel# p# " ;
c. the function f is p-Lipschitz, for every 1# p# " .

Proof. The proof uses a standard argument based on integration by parts
and using an approximation identity. We leave details to the reader. O

We now intr oducethe classof p-Lipschitz functions in the generd (oper-
ator) setting.

Let M be a semi-Pnit von Neumannalgebraacting on a Hilbert spaceH
and equippedwith normal semi-pPnitefait hful (n.s.f.) trace!. We denotethe
operator norm by ( &(. Let M standsfor the cdlection of all ! -measurable
operators, i.e. the collection of all linear operators x : D (x) $%H allia ted

1The latter inequality supposedto bereadasfollows. If x' L' and the derivative %‘é—?
is a function in LP, then the composition f (x) is a tempered distri bution such that the

derivative %%(f (x)) is a function in LP and the inequality (1.2) holds.
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with M sud that for every " > Othereisaprojectionp ' M with ! (1&p) <
"and p(H) ) D(x). The class M is a *-algebra. Furthermore, there is
a topology on the algebra M, which is called the measure topology. This
topology is debnedby the collectionof neighborhoodsoftheorigin {N, -}~ 50,
where N, consists of all linear operators x : D(x) $%H a! liated with M
sudh that thereis a projectionp, ' M for which! (1& p) < " and (xp( # #
The classM equipped with the measuretopology is a complete topological
algebra. We refer the reader to [19, 12, 15| for more details.

We now construct the non-commutativ e LP-spacesLP := LP(M,!), 1 #
p# " , see[10 and referencegherein. Indeed, the spae L P, is dePned by

LP:={x"' M: (X(L»r <"}

where " #

T~

(X(Lo=! (xX*)Z ", whenp< ",
(x(L = (x(, x' M.

The spacesL P resentble their classicad courterparts. Thespaced.' cancides
with M and the spaceL ! is the predual of the algebra M. Furthermore, the
HSlder inequality is valid in the spaced.P, that is

1 1 1
(xy(Le # (X(La(Y(Ls, SRR 1# p,g,s# " . (1.3)

Remar k 1.1. Let us mention two basicexamples of the above construction.

a. The algebra of all complex n + n-matrices acting on the sequence
spae § which is usudly denotedby B (%) equipped with the stan-
dardtraceTr,n' N. The algebraof ! -measurable operators coincides
with B(%) in this cae. The spacelLP, 1 # p # " consists of all
n + n-matricesand the norm ( &(.» is given by the p-th Schatten-von
Neumannnorm, i.e. (X(L» = (S(X)(#, where s(x) is the sequenceof
singular valuesof the operator x counted with multiplicit ies, see[13].

113



b. The algebraM = L' aaing onthe spacelL?, whereewery function x '
L' is consideredasa multiplication operator, i.e.

X(%:=xa&% % L2

The trace ! onthealgebra L' is given by Lebesgueintegration. The
algebra M consists of all Lebesgie measirable functions which are
bounded except on a set of bPnite measure. The spacesLP turn into
the classical LP-spacesLP(R).

Let us bx a linear self-adjoint operator D : D(D) $%H (not necessey
allia tedwith M) sud that

(D1) €Pxe*t® ' L' whenewerx' L' ,t' R;
(D2) ! (e'P xe®tP) = I (x), whenewerx ' L1, L'.

Let usrecdl that the subspaeD ) D(D) is caled a core of the opera-
tor D if and only if the closure (D|p) cancideswith D.

DePnit ion 1.1. Let x ' M. We sa that the commutator [D, x] is debred
and belongsto LP, forsame 1 # p# " if and only if thereis a coreD )
D (D) of the operator D sudh that x(D) ) D (D) andthe operator Dx & xD,
initially depred on D, is closable,in which casethe closure Dx & xD belongs
to LP. In this case,the symbol [D, x] standsfor the closure Dx & xD.

In the casep= " , we have the following obsenation.

Lemm a 1.1 ( [5, Proposition 3.2.55]). Let D : D(D) $%H be a self-adjoint
linear operator andx ' M. If [D,x] is bounded, thenx(D (D)) ) D(D).

The relation x(D(D)) ) D(D) inthecasesl# p< " may fail asit is
shown in the example with the di"erentiation operator belon. On the other
hand, the wealer relation x(D) ) D(D) for same cae D ) D (D) is much
easier to attack and, more importantly, is sulcient for the applications we
study; seeTheorems3.2,3.3and 3.4.

By analogy with the begnning of the section,we introducethe following
debnition.
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Debnit ion 1.2. A function f : R $%C is cdled p-Lipschitz for sane 1 #
p# " (with respectto the couple (M,!) and the operator D) if and only if
there is a constant ¢ , sudh that [D,f (x)] ' LP and

(IO, F O)I(Le # ¢ p ([D,X](Lo,
for every x = x*' M sudc that [D,x]"' LP.
The presen note is concernedwith the following problem.
Problem 1.1. Which the function f : R $%C is p-Lipschitz?

Similar problems have beenunder considerable investigaion over a long
period. We refer the readerto the works [7, 14, 1, 2, 3, 4, 10, 8, 20, 17].

In this note, we shdl shav same sulcient criteria for a function to be
p-Lipschitz stated in terms of (scalar) smoothnessproperties of this function.
The main results, Theorems 3.2, 3.3 and 3.4, are esertially proved in [16].
The purposeof the presen note is to give an additional insight in the matter
and explain same interesting points about the construction of commutators
in the non-comnutative LP-spaceswith respect to atomlessalgebrasusing
the exampleof the classicaldi"erentiation operator.

2 Commutators wit h the di! erentiation opera-

1d
$
In the presert section,we PxM = L' (seeRemark1.1)and!(§ = (3dt.
Let us consider the operator D = %% : D(D) $%L? with the doman given
by %

&
1d%
D)= o L2: 19% |2

idt
The operator D is self-adjoint and the unitary group {€'P}.ux is given by
the translations, i.e.

P (%(s) = s+ t), s' R. (2.1)
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Conseaquertly,

(eithe$itD%(S) — (Xe$itD%(S+ t) — X(S+ t)(e$itD%(S+ t)
=x(s+ t)%s), % L2 t,s' R.

Therefore, for every x , the operator €'Pxe*"P is a multipl ication
operator on L2 induced by the translated function x(&+ t) ' L' . The latter
readily yields the fact that the operator D saisbes(D1)E(D2).

Let x ' L' besud that [D,x]' LP, 1# p# " . By Debnition 1.1,
thereisacoreD ) D(D) sud that x(D)) D(D) and

1d% 1dx
| dt ~ idt

Thus, if the derivative %% is a function, then the operator Dx & XD ads
as a multiplication operator on D. Clealy, Dx & xD is closéble and the
closwe Dx & xD ' LP if and only if 1% LP.

In other words, by Debprntion 1.1,the operator [D, x] belongsto LP, 1 #

p# " ,foragivenx' L' if andonly if thereisacoeD ) D(D) sud that

x(D)) D(D) and }3—1{ LP. (2.3
Furthermore,let us note that the inclusion x(D) ) D (D) meansthat for

ewery function % D, the function x a%is di"erentiable and

(DX & XD )(% = _——( &% & x & % D. (2.2

—%(x a%' L2 (2.4)

Sincex a8 ' L2, for every %' D(D), x ' L', it follows from the last
idertity in (2.2) that (2.4) is equivalert to 15 &% L2 The latter means

that, if D) D(D) is acore, then

X(D)) D(D) -. 1oX(D)) L2 2.5

Thus, we can restae (2.3) as[D,x]' LP, 1# p# " for agivenx' L' if
and only if there existsa coreD ) D (D) sud that

1dx ’ ldx,
Idt(D)) L and _E LP. (2.6)
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Thus, in generd, a veribcation of the statemert [D,x] "' LP, 1 # p<
consists of two steps whose nature is quite di"erent. A veribcaion of
the condition %?T)f " LP is carried out in the literature almost exclusiwely
via methods related to Banad space geometry (Schur multip liers, double
operator integrals, vector-valued Fourier multipliers [9, 6, 11, 10]). Howe\er,
the Prst condition in (2.6) has an operator-theaetical nature and does not
carespond to the methods listed above. We outline an approach to this
problemwhenD = 12,

Let us brst consider[D,x] " LPwhen2# p< " . We shdl shawv that
in the presen setting, the required core D appeas very naturally dueto the
fact that the underlying Hilbert space L? possesseshe additional Banach

structure induced by the LP-sale. Indeed, let us set

1 1 1
D:=D(D), LY where == =+ -, (2.7)

2 p q
Clearly, the HSlder inequality implies that (2.6) holds for the subset D and
any x ' L' sud that & ' LP. We shall verify that D is a coreof D in
Theorem 3.3 belov. What we would like to emphasizeis that the core D
is found purely by a Banach space construction. Thus, we seethat in the

case2# p< " , wehave

ldx ,
idt

Finally, we commern on the casel# p < 2. Here, the problem of Pnding
the care D satisfying the brst condition in (2.6) cannotberesolvedby a purely
Banadh spaceapproadch asin (2.7) above. Indeed, let C(R) be the classof
all cortinuous functionson R. Wenotethat D(D) ) C(R), [18, Theorem2,
p. 124). If we now considerthe function x ' L' sud that

D,x]' LP -. LP.

1dx 1dx
- p - II 2
rat o Put g Liee
then
1dx . .. . > ,
Tt ax' L=, forewry % D(D), %/ O.
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That means that despite the fact that the derivative %

-5t existsin the sense
of tempered distributions and belongsto LP, there is no core sud that the

commutator [D, x] may be debPnedaccordingto Debntion 1.1

3 Main result

As we have seenin the example with the operator D = %% a meanindul

resolution of Problem 1.1 requireslocating a core D of the operator D sais-
fying the brst condition in (2.5). As we indicated in that example,a possible
candidate on the role of such D is the space

D(D), LY, L'.

Unfortunately, in general,the domain D(D) ) H may have an empty inter-
sectionwith the spaceL!, L' . We shdl shov below that this is not the
casewhen M is takenin the left reqular represertation (see Theorem 3.3).

3.1 The left regular representation

Let M be a semi-bnitevon Neumann algebra equpped with n.s.f. trace!
andlet LP:= LP(M,!), 1# p# " bethe correspnding non-commnutative
LP-speces.

Let us considerthe mappingL : M $%B(L?), given by L(x) := Ly,
M, wherethe operator L, ' B(L?) is given by

X
Ly(%:=xa% % L2

The imageM_ := L(M) is a von Neumann algebra acting on L2. The map-
ping L is a *-isamorphism between the algebrasM and M. The algebra M |
is equippedwith n.s.ftrace!, := ! OL®1. Wit h this debnition of ! _, the map-
ping L becanesa trace preservirg *-isomorphism. Consequetly, it extends
to a *-homeamorphism between topologicd *-algebrasM and M := (M )%.
We shall dende the latter extension by L also. Alternatively, the map-
ping L : M $%M  is givenby L(x) = Ly, whereL, : D(Ly) $%L?2 is an
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operator given by
D(Ly) = {% L?: x&% L% andL,(%=x&% % D(L,).

Sincethe mapping L : M $%W, is trace presening, its redriction to the
spae L P becanes anisometry betweenthe spacesL? andL{ = LP(M_,!),
forevery 1# p# " .

3.1.1 Appro xim ation of the commutat or [D, X]

In the present section we shall consider the construction of an approxi-
mation of the comnmutator [D,x] by meansof the coresponding unitary
group {€'®}om-

For illustration, let us again consider the example of the di"erentiation
operator. If x' L' (R)andD = %% then we have the well known relations

t
X(t+s)&x(s) =i i}%(s+ nd, t,s' R, (3.1
0
ldx, . . X(s+ t) & x(s)
ar™ = Im it ' (3.2
An operator versian of (3.1) and (3.2), in the casep=" may be found

in [5, Secion 3.2.5]

Theorem 3.1. LetD : D(D) $%H be a sdf-adjoint linear operator, satisfy-
ing (D1)B(D2) andletx' M. If [D,x]" L', then

t
a. €Pxe®P g x=i €P[D,x]e**Pds t' R;
0
!
eithe$itD&X|
1 # (DX
L!

b.

. ePxeftb g x
c. lim = i[D,x];
t' 0 t
whete the integral and the limit converge with respect to the weak operator

topology.
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The natural framework to ded with the commutator [D,x]" LPwhenp <
" is the setting of the left regular representation. Thus, from now on,
we considerthe algebra M with the n.s.f. trace! . We denote by LE =
LP(M_,!),1# p# " the correspnding non-canmutativ e LP-spece.

We shall discussthe extension of Theorem 3.1to the spaesL, 1# p <

To explain the next step, let us note that the proof of Theorem 3.1
crucially dependson the fact that the domain D(D) where the comnuta-
tor [D,x], initially debPned,accading to Debnition 1.1 and Lemma 1.1, is
invariant with respectto the group {€'®}w. On the other hand, the core D
in Debnition 1.1 lacks this invariancewhenp < " . We now extend Debn-
tion 1.1.

Debnit ion 3.1. Letx' M_ andlet D : D(D) $%_2 be a linea self-adjoint
operator. We shall say that the commutator [D, x] is delned and belongs
to L, for somel# p# " if and only if

a. thereisacoreD ) L!, L' of the operator D sudc that €'°(D)) D,
for everyt' R, and x(D)) D(D);

b. the operator Dx & xD, initially debnedon D, is closale;

c. the closure Dx & xD belongs to LP. In this case,the symbol [D, X]
standsfor the closure Dx & xD .

The next result providesan extension of Theorem3.1 over the spacesL P,
1# p<"”

Theorem 3.2. Let D : D(D) $%L? ke a self-adjoint linear operator, sat-
isfying (D1)D(D2) and let x ' M. If [D,x]" L}, for sonel# p< ",
then

t
a. €Pxe*P g x=i €P[D,x]e**Pds t' R;
0
|
: I # ([D.X](ce;
Lp

b.
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. eDxebitb g x
c. lim " = i[D,x];

whee the integral and the limit conveilge with respect to the norm topology
in LY.

3.1.2 Commutato r estim ates

Let us recall that we have bxedthe pair (M,!) and we considerthe left
regular represetation (M,!,). Let D : D(D) $%._2 be a linear self-adjoint
operator saisfying (D1)E(D2).

Let us again considerthe subspace

Do(D) := D(D), LY, L' ) L2 (3.3)

Unfortunately, in general casewhenthe operator D is not alliated with the
algebra M, there is no hope to expect that the latter subspace will be a
core of the operator D. To singe out the classof operators D for which the
subspaceD(D) is a core let us introduce the assumption

(D3) the unitary group {€'°}risa &L, L' ,L1+ L' )-continuousgroup
of cortractions in the spaceL ', L' .
IfD = %% thenthe assumpion (D3) is clealy saisbed since{€'P} 1 is
a group of translaions, see(2.1). Also, if D is a! liatedwith M, then (D3)
holds, dueto the fact that €'® = L(u,), for every t' R, where{u}ww) M
iS a group of unitaries.

Theorem 3.3. If D : D(D) $%L?2 is a linear sdf-adjoint operator satisfy-
ing (D1)D(D3), then the subspae Dy(D) is a core of the operator D.

To statethe main result, let usbrstrecdl that a Borelfunction f : R $%C
is caled of bounded ' -variation, 1# ' < " if and only if
( 1
(f(v, == sup f(t) & f(taa)® <", (3.4)
j=$!
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where the suprenum is taken over all possible increasing two-sided se-
quemes{tj}j*=!$! ) R. Vy,,will stand for the classof all functions of bounded
" -variation, 1# ' <" . The classVy is equipped with the norm ( a(y, de-
Pnedin (3.4). We also debneV, to be the collection of all bounded Borel
functions equipped with the uniform norm.

Let us next state the main result of the text. Its proof consistsof a
combination of the technique deweloped in [8] with the approadch explained
above. In the special cae M = B(H), the result which follows gives an
alternative (and simpler) proof of [4, Example I11]. Let us note that the
result distinguishes two di"erent casesp < 2 and p 1 2 asdiscussedn the
exampleof Section2.

Theorem 3.4. Let D : D(D) $%L?2 be a linear selfadjoint operator satis-
fying (D1)B(D3) and let x = x* ' M_. Let a function f : R $%C be such
thatf"' Vo, for somel# ' # " .

a. For every2# p< 0/% there is a constart ¢, suchthat if [D,x]" L7,

then[D,f (x)]' L} and
([D,f)I(Lr # ¢, (f (v, ([D, x](Lp-

b. For every ;2= < p < 2 there is a constant ¢, suchthat if [D,x]

LP, L2, then[D,f(x)]' L}, L2 and

(ID,f ()I(Lp # G (f (v (ID,XI(Lp-

Now we state the answer to Problem 1.1in the setting of the left regqular
represenation.

Theorem 3.5. Any function f : R $%C suchthat f "' Wy, for somel #
" # " is p-Lipschitz for every2# p< 0/%"1, with respect to any operator D :

D (D) $%_2 and every semi-Pnitevon Neumann algebma (M, !, ).
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