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Abstract

We describe SalemOproof of the Rademacher-Menshov Theorem,
which shaws that one constant works for all orthogoral expansionsin
all L?-spaces By changing the emphasisin SalemOgroof we producea
lower bound for sums of vectors coming from bi-orthogonal setsof vec-
tors in a Hilbert space. This inequality is applied to sums of columns
of an invertibl e matrix and to Lebesgle constants.
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1 Introduction

Herewe give an exposition of SalemOgroof [14] of the Rademacher-Menshw
Theorem. Although it is more elaborate than sane proofs and over sixty
years old, SdemOsmethod makesit clear that one constant works for all
orthogonal expansimsin all L?-spaces. Furthermore,same of the inequalities
usedin the proof leadto a generalinequality concerning bi-orthogond setsof
vectors in Hilb ert spaces(Proposition 2 in the next section.) In recen work
[2] with Leanardo Colzani and Elena Prestini, we usedthe universd nature
of the constant in the Rademacher-Menshos Theorem [13, 11] to produce
same almost-eerywhere convergenceresults for inverse Fourier Transfams.
Theorem 1 below cortains the basic idea usedin that work.

*I am grateful to the organizers of the Murramarang conference for the opportunity to
participate.
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2 Statement of Main Results

Proposition 2.1. Thereis a positive constart C' with the following property.
For every positive measue space (X, i), for everyn " 1, and for everypnite

set{F,..., F,} of orthogoral functions in L? (X, 1), the maximal function

| |
Tm I

M(z)= max! F (2l 2.1)
1 mnl !
j=1
hasnorm # i $.,
#M#,$ Clog(n+ 1) HEH (2.2)

Suppose H is a Hilbert spae, with inner-product written as %, w& We
say that two setsof vectors{vy,...,v,} and{w,...,w,} are bi-orthoganal
when

%j,wk&= O, 'j(: k.

Proposition 2.2. There is a positive congant ¢ with the following property.
For every Hilbert sppce H and every pair of bi-orthogonal sets{vy,..., v}
and {wy,...,wy} In H,
0, [0)
5
(logn) min %y, wk&I$ ¢ max #wn# max %
1 k!'n ' m!'n

1 kin 90 UJ% (23
=1

Theseare proved in Section4. In the next section we give sane applica-
tions.

3 Consequences

3.1 Almost everywhere convergence.

Supposethat (X, 1) is a positive measire spaceandthat L2(X,u) = ) - Hn
is an orthogonal decompstion into closedsubspacedi,,. Let F, be projec-
tion onto H,. Each function f * L?(X, ) hasan orthogonal expansim
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which convergesto f in norm. The partial sum operators are

"N
Svf(z)=  Pf(z), 'N" La* X.

n=1
Proposm on 21 says that

g

pmax | Sm f|§$ C log(N + 1) #S\ f#,, "N" L f* LA(X,p).

Debrethe maX|maJ function
S*f(x) = sup|S f(z)] .
N$1
This is dominated by two pieces,
& 1
S*f(x) $ Sl;rngzm f(@)]+ sup  max |Snf(x) + Som f(2)]

2m1 p< 2m+1

We can apply the Cauchy-Scwarz inequality to control the dyadic piece, as
on pages 80D&. of [1],

| | | | _*
0 2 dm 2 #on 1$( om L 12
L Pof(@)] = Pof(x)l $ = ) K Pof(a) + .
"n=2 ' hema n=2k! 141 ! k=1 k=1 'n =2kl 141 !
This implies that
%

RS ¢ (log(n+ 1)*#P, f#.

n=1

o

s
%gngm Il

For the other term, notice that if we have a non-negdive seqlence (am)','n:1
then

N

supas $  d.
m$ 1 m=1
We can usePropostion 2.1 to show that
& ' % n" 2|Ti|+l %1
2 m 2
o/%grg o MAX S0 f+ Som f] )§$ C - (log(2™ + 1)) . #P, f# .

Combining thesefacts givesthe geneml form of the Rademacher-Menshos
Theorem.
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Theorem 3.1. There is a positive constant « sothat for all f* L2(X, u),
# $ 1/2

#S*f#,$ (log(n + 1))*#P, f#

n=1

If the right hand side is Pnite, then

flx) = ngr), Sn f(z), almog everywhee on X.

Remar k 3.1. This method was usedin [2, 9, 10].

3.2 Invertible Mat rices.

Supposewe equip C" with its usud inner product. If A isaninvertible n, n
matrix with complex ertries then the equation

A A= T

can be viewed as saying that the codumns of A and the rows of A*! form
a pair of bi-orthogond setsin C". In this case, Proposition 2.2 givesthe
following result.

Theorem 3.2. Supmse that {as,...,an} are the columns of an n, n in-
vertible matrix with compex entries A and that {b;,...,b,} are the rows of
A% Then
logn $ ¢ max #h# max #a, + ddat am#,
jln I m!n

whee ¢ is a positive constant independentof n and A.

3.3 Lebesgue Constants

This example follows the methods of another paper of Salem [15. Suppose
that {¢1,...,¢n} is an orthonormal subsetof L?(X, ) consisting of essen-
tially boundedfunctions, with

#o# S M, 1% 7% n.

Debre the maximal function |
' nn

BCICE

j=1

|
Illm
()= max| )]s

J:
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If I( ) = Othen ¢;(z) = Ofor 1$ j $ n and sothe set of places where

I( ) = 0 can be discaded from X without any elect on our caculations.
Notice that for all x where!( z) € O, we have

| |

|

!

6 ()
I( x)

On the setwhere!( z) € 0, debneg = ¢,/ | and iy = ¢ | . Thesegive
bi-orthogonad sets{g,...,gn} and {h4,...,hy} in L?(X, ). Furthermore,
%; , &= i,
0,
ﬁm
%

1=1

$ (z), '1$m$n

$##  and #hH S MAH #, .

N&oo\o

Proposition 2.2 says that
logn $ cM # #,.

Theorem 3.3. There is a positive constant 5 with the following property.
Supmse that {¢1,...,¢n} is an orthonormal setin L?(X, ) oconsiging of
essenially boundad functions, with

M = m% #Ho #
Th o | o
en ? ="m { ? )
hmax | 0199 " Blog(n)/M.
j=1 )

Remar k 3.2. This isaweakform of an inequality conjectured by Littlew ood.
For much stronger resultsin the case of characterson compact abelian groups
see[8, 6]. For other orthonormal systemssee[7, 3]. The inequality here can
also be viewed as a special caseof Theorem 1 of OlevskibOBook [12].

4 Proofs
Recall BesselOsequality for orthogonal vectorsin a Hilbert space (page 531
of [5].) Supposethat {vy,...,vn} IS an orthogonal setof non-zerovectors in
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a Hilbert space H. Then {vy/#uv.#, ..., v,/ #vu,#} is an orthonormal setin
H and for every vector w * H we have

nn

%, Uj&f

o $ #Hutf . (4.2)

=1

4.1 Proof of 2.1

Here we rework the proof published by Salem[14] in 1941in a slightly more
abstract setting.

4.1.1 The general set up.

Supposethat H is a Hilbert space Now let V = L?(X,u) . H be the
Hilbert spaceof H-valued u-measurable square4integrable functions on X.
Let {v1,...,vy} and {wy,...,wy} be a bi-orthogonal pair of subsetsof H
and debPnesomeelemerts of V' by multip lying terms,

() = Fi(x)wy, 1$ k% n.

Then {p1,...,pn} is an orthogonal subsetof VV and (4.1) statesthat

nn

Wp;?' $ #PHE P V. 4.2)
#pk

k=1

Let 1" fo" &&&" fn" fa+1 = 0beadecreaing sequenceof characteristic
functions of measirable subsetsof X. For G * L?(X, ) dePnean element
of V by

nn

Ps(z) = G(x) fi(@)v;. 4.3
j=1
The Abel transfamation lets us rewrite this as

nn

Ps(z) = G(x) " ful(z)ox,

k=1
where gy = ' jkzl v and " fx = fc+ fisr, for 1'$ £ $ n. Notice that
{" f1,...," fa} isasetof characteristic functions of mutually disjoint subsets
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of X. For each x * X, at mog one of the terms" f¢(x) is hon-zero In
particular,

"n
#Po()#, = |G@)F " filw) Howd, .
k=1
Integrating over X gives

#PGH, $ #GH max Ho o, .
PKEn

Combining this with (4.2), we have

| |
nn | —_— IZ

F %k, wk &
Gt gl %y, wi&f

X #Fk#2 ) #wk#ﬁ

$ #GH max #u, + 884t w# . (4.9
! 'n
k=1

4.1.2 A specibc case.

Following Sdem, let us now assumethat # = L?(0,1) and

w() = Tsin@rkt) and  w(f) = sin@rkt)/ §, 'O0<t<lk" 1

The usud estimates on Lebesgueconstarts (page 67 in [16]) show that

#uott, $ Alog(k + 1) and #o, + &é&+ v, $ Blog(k+1), '1$k$ n.

The constants A and B are independer of k£ and n. Furthermore,
1 1
%k,wk&: E, 1$ k% n

For this choice of H, inequality (4.4) becomes

Fy
#F A,

|
|2
duj $ 2AB #G#log(n + 1),

nn

'-
1

gl 3y O

k=

and the constart 2AB is independert of X, i, and n. Moving the logarithm
term from the left hand side gives

|
!
| Gk

k=1 X

2
$ 2AB #G# (log(n + 1))2. (4.5)

|

F o
d

#r,

nn
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4.1.3 Controlling the maximal functi on.

Debre an integer-walued function m(z) on X by
/ ' ' 0

lvm |
| |
m(x) = min m : ! Fk(x)= = M(z) , " * X,
L !
and let fi bethe characteristic function of the subset{z * X : m(x) " k}.
For eath z * X thereis the partial sum

m (X) nn

S}NX)(x) = fi(aﬂ = jk(x)ﬁk(x).
k=1 k=1

For an element G * L?(X, i), Cauchy-Scwarz gives
! [

! [
R e R T 1L RIS R
| G@)Sm (@) dp(x); =} #A#H, G fi dp) (4.6)
#..n $1/2#..n ; ' =2$1/2
| k |
$ ] #EH . Gfk#ﬂ(#2 dpy
k=1 k=1
(4.7)
Using inequality (4.5) gives
. ! #on $
| G(2)Sme (@) du(z)| $  2AB #G#,log(n + 1) HEH
X k=1
This is true for all G * L?(X, ) and soit follows that
# $ 1/2
0, 0, "n
#M#, = (%m(a&é $ Clog(n+ 1) #EH
k=1

This completesthe proof of Proposition 2.1 For alternative proofs see2.3.1
on page79 of [1] and Chapter 8 of [4].

4.2 MenshovOsResult

In 1923 Menshw [11] showved that the logarithm term in Proposition 2.1 is
best possible. The following is taken from page 255 of [4].
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Lemm a 4.1. There is a positive constant ¢y sothat for everyn " 2 thereis

an orthonormal subset{ 7,43, ...,¥"} in L?(0, 1) for which the set
/ }"j } 0
I -
x* [0,1]; max I (@) > co nlog(n)
it n!
k=1

has Lelesgie measure greater than 1/4.
| |
. . . . |, i I
Noticethat thismeansthat the maximal function #"(z) = maxy jin! |2, Y (2)!
sdisbes

2
wenigr 1090’

0 0,
andyet ' [ O@j”&% = n.
4.3 Proof of Prop osition 2.2

We usethe set {40, 9,...,4"} asthe orthonormal setin SdemOgproof of
Proposition 2.1 Keeping the earlier notation, Px a function G on [0, 1] for
which |G(z)| = 1 and

G(ZE)Sm(X)([E) = #n(CL’) "0

Since#" is nonnegative, inequality (4.6) becomes
AT Rk
HWHS N | G(@) fil2)0g (x) daf
k=2 O

Put this bad into inequality (4.4) to get

##n#z m|n 1 Kkl % w & o
1 1 n % wi&F $ max #uy + &bat+ uH .
n maxXy mi n#wm#2H 1 k! n

Lemma 4.1 shows that
## |, ,(log(n)?

n “ 16

and so

c§ (log(n))®
16

This completesthe proof of Propostion 2.2

min (%, wc&f $ max #wn#, max #Huy + &bét+ wH .
1! k! n 1' m!' n 1! k! n
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