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Abstract

The fundamental solution of the heat equation on R n is known
as the heat kernel which is also the tr ansition density of a Brownian
mot ion. Simi lar statements hold when R n is replaced by a Lie group.
We brießy demonstrate how the results on R n concerning the heat
kernel and Brownian mot ion may be easily transferred to compact Lie
groups using the wrapping map of Dooley and Wi ldberger.
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1 In t roduction

The partial di!e rential equation given on R n by

! tu(x, t) = 1
2! u(x, t), t ! R + , x ! R n, (1.1)

where ! is the Laplacian, represents the dissipation of heat over a certain
time. The fundamental solution of the associated semigroupet! / 2, known as
the heat kernel, pt is given by a unique, strongly continuous, contraction
semigroup of convolution operators which may be convolved wit h the initial
data f (x) = u(0, x) to give the solution to the Cauchy problem. That is,

u(x, t) = et! / 2f (x) = (pt " f )(x) =
!

R n
pt (x # y)f (y)dy

The heat kernel may also be expressedas the transition density of a
Brownian motion, Bt :

pt (x) = E(Bt ), moreover, (pt " f )(x) = E(f (Bt ))
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Similar statements hold when R n is replaced by a Lie group.

In this article we will brießy demonstrate how theseresults may be trans-
ferred from the Lie algebra (regarded as R n) to a compact Lie group using
the so-called wrapping map ( [5]). Additionally, we shall provide the mech-
anism that allows one to Òwrap" a Brownian mot ion, and then Þnd the heat
kernel by taking the expectation of the Òwrapped" processand applying a
Feynman-Ka" type transform. We will also brießy discusshow theseresults
may be extended to compactsymmetric spacesand complex Lie groups. Full
details and proofs can be found in [11].

2 T he wra pping map

The wrapping map wasdevised by Dooley and Wi ldberger in [5]. Let G be a
compact semisimple Lie group with Lie algebra g. We deÞnethe wrapping
map, " by

$"( " ), f %= $" , j ÷f % (2.1)

where f ! C! (G), ÷f = f &exp and j the analytic squareroot of the deter-
minant of the exponential map. We need to place some conditions on " for
"( " ) to be well-deÞned- this is the casewhen " is a distribution of compact
support on g, or j " ! L1(g) . We call "( " ) the wrap of " . The principal
result is the wrapping formula, given by

"( µ " g " ) = "( µ) " G "( " ) (2.2)

This formula originated from their previous work on sumsof adjoint or-
bit s ( [6]), and canbeconsideredasa global version of the Dußo isomorphism
( [8]). The proof of (2.2) is particularly elegant, using only the Kiri llov char-
acter formula and some abelian Fourier analysis. Full details are in [5].

What (2.2) shows us is that problemsof convolution of centr al measures
or distributions on a (non-abelian) compact Lie group can be tr ansferred to
Euclideanconvolution of Ad-invariant distributions on g.

Thus, sincethe solution to the Cauchy problem for the heat equat ion can
be writ ten as a convolution betweenthe heat kernel and the initial data, we
shouldbe able to wrap the heat kernel on g '= R n to that on G, and transfer
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the corresponding solution of the Cauchy problem.

Given the remarks in section 1, it is clearly of interest also to consider
whether there is a way to wrap Brownian mot ion to obtain the heat kernel
on G.

3 T he wra p of Bro wnian moti on

Crit ical to wrapping a Brownian motion and the heat kernel from g to G is
how the inÞnitesimal generator of the respective processand semigroup- the
Laplacian - is a!ected by wrapping. The Laplacian on g is not quite wrapped
to the Laplacian on G - a quantit y that may be interpreted as a Òcurvature"
term arises.More precisely, we have:

Proposition 3.1. Let G be a compact connected Lie group with Lie algebra
g. Then for any Schwartz function, µ on g

"
"
Lg(µ)

#
= (LG + ( #( 2)

"
" µ

#

where " is the wrapping map, Lg is the Laplacian on g (regarded as a Eu-
clidean vector space), # the half sum of positive roots, and ( á( the norm
given by the Kil ling form.

LG + ( #( 2 is also known as the shifted Laplacian. We shall refer the
process and semigroup generated by LG + ( #( 2 asa shifted Brownian mo-
tion and a shifted heat kernel, respectively.

The actual mechanics of wrappingBrownian motion are not immediately
obvious, since the natural objects for the wrapping map to act on are distri-
butions.

The wrapping map is a homomorphism from the algebra of Ad-invariant
distributions on C! (g) to the algebraof central distribut ions on C! (G), de-
Þnedby $ )* $%where%: f )* j .f &exp.

WeÒwrap Brownian motionÓin an analogousway by considering themap-
ping %in the context of It ™stochastic di!erent ial equations.
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Very brießy, we may construct a Brownian motion (&t )t" 0 on g (regarded
as the Lie group R n) as the solution to the Stratonovich S.D.E.:

d&t =
n$

i =1

! &t

! xi
&dB(i )

t , &0 = 0 (3.1)

This is really just a shorthand for the Òfull" It™S.D.E.:

h(&t ) = h(0) +
n$

i =1

! t

0

! h
! xi

(&t )dB(i )
t + 1

2

n$

i =1

! t

0

! 2h
! x2

i
(&t )dt (3.2)

whereh ! C!
0 (R n). Likewise,we deÞneour shifted Brownian moti on on G

as the solution to the S.D.E.:

d' t =
n$

i =1

X i (' t ) &dB(i )
t + 1

2( #( 2' tdt, ' 0 = e. (3.3)

where
"
X i

#n

i =1
is an orthonormal basisof the Lie algebra, or in Òfull" form:

f (' t ) = f (e)+
n$

i =1

! t

0
(X i f )( ' t )dB(i )

t + 1
2

n$

i =1

! t

0
(X 2

i f )( ' t )dt+ 1
2( #( 2

! t

0
f (' t )dt

(3.4)
where f ! C! (G). To Òwrapof Brownian motion" we replacef ! C! (G)
with j .f &exp ! C!

c (g), and let j .f &exp = h ! C!
0 (g). This can be shown

to be

h(&t ) = h(0) +
n$

i =1

! t

0

! h
! xi

(&s)dB(i )
t + 1

2

n$

i =1

! t

0

! 2h
! x2

i
(&s)ds

which is (3.2). Thus we have

Proposition 3.2. Let &t be a Brownian motion on g '= R n. The wrap of &t

is a Brownian motion on G with a potential of ( #( 2, which we wil l call ' t .
That is,

"( &t ) = ' t

We may now take expectat ions of each side to Þnd the law of Brownian
motion - the heat kernel - on G:
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Theorem 3.1. Suppose' t is the wrap of the Brownian motion on g, &t . Then
the law of ' t may be found by wrapping the law of Brownian motion on its
Lie algebra. That is,

EX (j .f &exp(&t )) = Eexp X (f (' t ))

which in law is given by

"( pt )(exp H ) = q!
t (g)

where pt (x) is the heat kernel on g = R n, and q!
t (g) is the heat kernel corre-

sponding to the shifted Laplacian on G

The Feynman-Ka" theorem can be usedto deal with the potential term
( #( 2 to obtain a standard Brownian motion and heat kernel on G. We omit
the details, which will be presented in [11].

4 T he wra p of t he heat kernel

Let pt (x) be the heat kernel on R n, given by

pt (x) = (2( t)# n/ 2e# ! x! 2

2t , t ! R + , x ! R n. (4.1)

and qt (g) is the heat kernel on G, given by

qt (g) =
$

" $ " +

d" ) " (g)e# (%" + ! %2#%! %2)t/ 2, t ! R + , g ! G. (4.2)

We write the shifted heat kernel on G as q!
t (g), which is given by

q!
t (g) =

$

" $ " +

d" ) " (g)e#%" + ! %2t/ 2, t ! R + , g ! G. (4.3)

First ly, letÕscompute "( " ). When " is suitably nice, it has beenshown
in [5] we can compute "( " ) as a sum over closedgeodesics.Let t be the Lie
algebra of the maximal torus, T, and let # be the integer latti ce in t, where
# = { H ! t : exp(H ) = e} . We thus have:

"( " )(exp H ) =
$

#$ #

%"
j

&
(H + * ), +H ! t (4.4)
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or secondly, as sum over highest weights $ + :

"( " )(exp H ) =
$

" $ " +

d" " &(+ + #)) " (g), +H ! t (4.5)

which followssinceit can beshown that " &(" ) = " &(++ #) (see[5]). Equating
theseis the Poisson summation formula for a compact Lie group.

From the above section, the law of ' t may be found by wrapping the law
of Brownian motion on its Lie algebra. We put pt = " to Þnd the law of the
shifted Brownian motion on G:

"( pt )(exp H ) =
$

" $ " +

d" e#%" + ! %2t/ 2) " (H ) (4.6)

= (2( t)# d/ 2
$

n$ #

e
"! H + n ! 2

2t
1

j (H + n)
(4.7)

for all H ! t. The Þrst expression follows since öpt (' ) = e#%$%2t/ 2.

5 Generali sation s

The wrapping formula needssomemodiÞcation to hold for general(compact)
symmetric spacesX , equipped wit h tangent space p, with maximal abelian
subalgebra a. This modiÞcati on is

"( µ " p,e " ) = "( µ) " X "( " ) (5.1)

wherethe convolution product on p is Òtwisted" by a certain function e, which
originates in the work of Rouvi•re [12]. Seealso [2], [3].

It is well-known in the physics literature that the Òsumover classical
paths" doesnot hold for general compact symmetric spaces( [1], [7]). That
is, performing a similar summati on to (4.7) to Þnd the heat kernel:

$

#$ #+

%pt

j

&
(H + * ), +H ! a

does not yield the (shifted) heat kernel on X . The underlying reason can
be easily seenfrom (5.1) in that we have a twisted convolution on p, which
interfereswith wrapping the heat convolution semigroup:

qt+ s = qt " X qs = " (pt ) " X "( ps) = "( pt " p,e ps)
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which is not equal to "( pt+ s). It does turn out that we can recover from
this situation as the e-function and the j -function are somewhat related.
Basically, we needto considerthe heat kernel with potentials like j # 1Lpj on
p. Even for the 2-spherethis turns out to be di#cult - the potent ial in this
caseis

1
H 2

# cosec2(H )

We have also been able to extend our methods on wrapping Brownian
motion and heat kernelsto somespaceswhereweknow thewrapping formula
holds. A nice example are the complex Lie groups. Instead of having to deal
with a maximal torus Tn , asin the caseof a compact Lie group, thesubgroup
corresponding to the Cart an subalgebrais (R + )n, so instead of summing over
a latt ice, we just Òbend" the heat kernel from g to G by dividi ng by j , that
is,

"( pt )(exp H ) = (2( t)# n/ 2 1
j (H )

exp(#| H |2/ 2t), H ! a

We can alsowrap other processes- the key is to Þnd how its inÞnitesimal
generator (call it L g) wraps, that is,

"
"
L g(u)

#
= (L G + C)

"
" u

#

6 Further directions

¥ I am currently proving thewrapping formula for other Lie groups. Once
it is then known how to wrap a funct ion, the heat kernel should then
be able to be computed. However, this is by no meansstraight forward
- in the caseof SL(2, R), the elements are conjugate to a choice of two
abelian subgroups, isomorphic to T and R + . Do we Òwrap" or Òbend"?
Probably both in somesuitable fashion.

¥ Wrapping the solutionsof other P.D.E.Õs. In particular, any phenomena
associated to them. For example wit h the wave equati on, what doesit
mean to Òwrap" HuygensÕprinciple? I should menti on that it was for
(odd dimensional) compact Lie groups, complex Lie groups, and the
symmetric spaces G/K , G complex, that Helgason was able to show
that HuygensÕprinciple holdswhentheshifted Laplacian isused( [10]).
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¥ We would alsolike to know the Lp # Lq bounds for a wrapped funct ion.
For example, for what p and q do we have ( "( u)( p , ( u( q ? These
could then be applied to obtain Lp boundsof solutions of P.D.E.Õson
Lie groups. Current ly, this is only known when p = q = 1.

¥ Thesebounds could also be usedto examine other behaviour such as
convergenceof Fourier t ransforms - if we used the ball mult iplier, then
in the caseof compact Lie groups, our formula for " corresponds to the
W-invariant polygonal regions of positive weights typically considered
for the convergence of Fourier serieson compact Lie groups.
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