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Abstract

The fundamertal solution of the heat equation on R" is known
as the hea kernel which is also the transition density of a Brownian
mation. Similar statemerts hold when R" is replaced by a Lie group.
We brieBy demongrate how the resuts on R" concerring the heat
kerneland Brownian motion may be easily transferred to compact Lie
groups using the wrapping map of Dooley and Wildberger.
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1 Introduction

The partial di'erertial equation givenon R" by

Lu(x, t) = 31 u(x, t), t! R, x! R", (1.1

where! is the Laplacian, represens the dissipation of heat over a certain
time. The fundamertal sdution of the assaiated semigroupe® /2, known as
the heat kernel, p; is given by a unique, strongly continuous, cortraction
semigraip of convolution operators which may be convolved with the initial
data f (x) = u(0, x) to give the solution to the Caudy problem. That is,
!
u, t) = ' )= (")) = p(x# y)f(y)dy
Rn

The heat kernel may also be expressedas the transition density of a

Brownian motion, B;:

p(x) = E(By), moreaver, (p " f)(x) = E(f (By))
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Similar statemerts hold whenR" is replaced by a Lie group.

In this article we will briely demastrate how theseresults may be trans-
ferred from the Lie algebra (regarded as R") to a compactLie group using
the so-cdled wrapping map ( [5]). Additionally, we shall provide the med-
anismthat allows oneto Owra@" a Brownian motion, and then bnd the hea
kernel by taking the expectation of the Owrappd" processand applying a
Feynman-Ka' type transform. We will also brieRy discusshow theseresults
may be extendedto compactsymmetic spacesand complex Lie groups. Full
details and proofs can be found in [11].

2 The wrapping map

The wrapping map was devised by Dooley and Wildberger in [5]. Let G bea
compact semisinple Lie group with Lie algebra g. We debnethe wrapping
map, " by

$("),f% $,jf% (2.2

wheref | C' (G), f*= f &expandj the andytic squareroot of the deter-
minant of the exponertial map. We neeal to place same conditionson " for
"( ") to be well-debned- this is the casewhen " is a distribution of compact
support on g, or j" ! LY(g) . Wecall "(") the wrap of ". The principal
result is the wrapping formula, given by

(17" = (W "6 (") 2.2

This formula originated from their previous work on sumsof adjoint or-
bits ( [6]), and canbe considered asa globd version of the Dul3oisomorphism
( [8]). The proof of (2.2) is particularly elegnt, usingonly the Kiri llov char-
ader formula and same abelian Fourier analysis. Full details are in [5].

What (2.2) shavs usis that problemsof convolution of certral measures
or distributions on a (non-abelian) compad Lie group can be transferred to
Euclidean convolution of Ad-invariant distributions on g.

Thus, sincethe sdution to the Caudy problem for the heat equation can

be written as a cornvolution betweenthe heat kernel and the initial data, we
should be ableto wrap the hea kernelon g = R" to that on G, and transfer
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the carresponding sdution of the Cauchy problem.

Given the remarksin secton 1, it is clealy of interest also to consider
whether there is a way to wrap Brownian motion to obtain the hea kernel
on G.

3 The wrap of Brownian motion

Critical to wrapping a Brownian motion and the hea kernelfrom gto G is
how the inPnitesimal genemator of the repective processand semigroup- the
Laplacian - is alected by wrapping. The Laplacian on g is not quite wrapped
to the Laplacian on G - a quantity that may be interpreted as a @urvatur e"
term arises. More preciséy, we have:

Proposition 3.1. Let G be a compact connected Lie group with Lie algeba
g. Then for any Schvartz function, i on g

n " # 2 "u #
Lo() = (Lot (#(9) "H

wheer " is the wrapping map, L4 is the Laplacian on g (regarded as a Eu-
clidean vector space), # the half sum of positive roots, and ( &( the norm
given by the Killing form.

Le + (#(? is also known as the shifted Laplacian. We shdl refer the
proces and semgroup genemted by L + (#(? asa shifted Brownian mo-
tion and a shifted heat kernel, respectively.

The actual medanics of wrapping Brownian motion are not immediately
obvious, since the natural objects for the wrapping map to act on are distri-
butions.

The wrapping map is a homomorphism from the algebra of Ad-invariant
distributions on C' (g) to the algebraof central distributionson C' (G), de-
Pnedby $ )* $%where% f )* j.f &exp.

We Qvrap Brownian motionGin an analogousway by considering the map-

ping %n the context of It ™stochastic dilerential equations.
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Very brielRy, we may construct a Brownian motion (&) o on g (regarded
asthe Lie group R") asthe solution to the Stratonovich S.D.E.:

NS .
d& = % gdB®”, &
i=1

0 (3.2)

This is redly just a shorthand for the Qull" 1t™S.D.E.:

§ 't (i) 1$n!t!2h
h(&) = h(0) + Ty (8B 3 ) W(&)dt 3.2

izt O i=1

whereh ! C} (R"). Likewise,we dePneour shifted Brownian motion on G
asthe sdution to the S.D.E.:

Wl
die= Xi(')&dB + L(#(* dt, 0= e. (3.3

i=1

# R
where X; In is an orthonormal basisof the Lie algebra, or in Qull" form:

=1
! ! !

t(Xizf )()dt+ %(#(2. tf('t)OIt
0 0

n t ) $

flo=f@+  (Xf)()dB+3
i=1 O i=1
(3.4)
wheref I C' (G). To Owrapof Brownian motion" we replacef ! C' (G)
with j.f &exp! C. (g), andletj.f &exp= h! Cj (g). This can be shavn

to be I I
$ ot I'h 0 1$n T t2p
h(&) = h(0) + N @dBY + 5 p(&)ds

iz1 O i=1 0
which is (3.2). Thus we have
Proposition 3.2. Let & be a Brownian motion on g = R". The wrap of &

is a Brownian motion on G with a potential of (#(2, which we will call ';.
That is,

(&) ="t

We may now take expectations of each side to bnd the law of Brownian
motion - the hea kernel- on G:

94



Theorem 3.1. Supmse'; is the wrap of the Brownian motion on g, &. Then
the law of 'y may be found by wrapping the law of Brownian motion on its
Lie algeba. That is,

Ex (j.f &exp(&)) = Eexpx (f ('1))
whichin law is given by
"(p)(expH) = g (9)

whee pi(x) is the haat kernelon g= R", and ¢ (g) is the heat kernel corre-
sponding to the shifted Laplacian on G

The Feynman-Ka" theorem can be usedto deal with the potertial term
(#(? to obtain a standard Brownian motion and heat kernelon G. We omit
the details, which will be presrted in [11].

4 The wrap of the heat kernel

Let pi(x) bethe hea kernelon R", given by

IX!Z
p(x) = (2(t)*"2e# =, t! R*, x! R". (4.1)
and g (g) is the hea kernelon G, given by
$ .
a(g) = d) - (g)e#(%“"/?’#%! °/?:)t/21 t! R, g! G. (4.2)
vgr +

We write the shifted hea kernelon G asq! (9), which is given by

$
G (g) = d)- (g’ '%2  t1 R* g! G. (4.3)
vgrs

Firstly, letOxompute "( "). When " is suitably nice, it has beenshowvn
in [5] we can compute "( ") asa sum over closedgealesics.Let t bethe Lie
algebra of the maximal torus, T, and let # be the integer latti ce in t, where
#={H! t : exp(H) = €. We thus have:

$ % &
"(")exp H) = — (H+*), +H! t (4.9

#E#
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or secondly as sum over highestweights $*:

$
"(")exp H) = d"&(++#))-(g), +H! t (4.5
‘g s

which follows sinceit can beshown that " &(") = " &(++#) (se€[5]). Equating
theseis the Poissan summation formula for a compect Lie group.

From the above section, the law of '; may be found by wrapping the law
of Brownian motion on its Lie algebra. We put p, = " to bnd the law of the
shifted Brownian motion on G:

$
"(p)expH) = d &8 (H) (4.6)
-
$ M H+nt2 1
- #d/ 2 =

for all H ! t. The Prst expression follows since (') = %%V 2,

5 Generalisations

The wrapping formula needssomemaodibcation to hold for general(compact)
symmetric spacesX, equipped with tangent space p, with maximal abelian
subalgebra a. This modibcdion is

(H7pe™) = () "x (") (5.1

wherethe corvolution product on p is Owisted" by a certain function e, which
originates in the work of Rouviere [12]. Seealso[2], [3].

It is well-known in the physics literature that the Osumover classicé
paths" doesnot hold for genelal compact symmetic spaceq [1], [7]). That
is, performing a similar summati on to (4.7) to bnd the hea kernel:

$ %p[&
T (H+*), tH ! a

H#EH#H

does not yield the (shifted) heat kemel on X. The underying reasam can
be easily seenfrom (5.1) in that we have a twisted convolution on p, which
interfereswith wrapping the heat convolution semigroup:

Ges= G"x &= " (P) "x "(Ps) = "( Pt "pePs)
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which is not equalto "( pi+s). It doesturn out that we can recover from
this situation as the e-function and the j-function are samewha related.
Basically, we needto considerthe hea kemel with potentials likej*!L,j on
p. Even for the 2-spherethis turns out to be di#cult - the potential in this
caseis

% # coseé(H)

We have also beenable to extend our methods on wrapping Brownian
motion and hea kernelsto same spaca wherewe know the wrapping formula
holds. A nice example are the complex Lie groups. Instead of having to ded
with a maximal torus T", asin the caseof a compact Lie group, the subgroup
carresponding to the Cartan subdgebrais (R*)", soinstead of summing over
a lattice, we just Olend" the hea kemel from g to G by dividing by j, that
is,

1
"( p)(expH) = (2( t)#”’zj(T) exp#| H 1% 2t), H! a

We can alsowrap other processes the key is to Pnd how its inbnitesmal

generator (call it Lg) wraps, that is,

# #
" Lg(u) = (Lg+C) "u

6 Further directions

¥ | amcurrertly proving thewrapping formula for other Lie groups. Once
it is then known how to wrap a function, the heat kernel shauld then
be able to be computed. Howewer, this is by no meansstraightforward
- in the caseof SL(2,R), the elements are conjugéde to a choice of two
abelian subgraups, isomaphic to T and R*. Do we Qvrap" or Olend"?
Probably both in somesuitable fashion.

¥ Wrapping the solutions of other P.D.E.OslIn particular, any phenomena
assaciated to them. For example with the wave equation, what doesit
meanto Qvrap" Huygens@rinciple? | shauld mertion that it was for
(odd dimensional) compact Lie groups, complex Lie groups, and the
symmetric spaes G/K , G complex, that Helgasan was able to show
that HuygensQprinciple holdswhenthe shifted Laplacian is used ( [10]).
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¥ Wewould alsoliketo know the LP# L9 boundsfor a wrapped function.
For example, for what p and q do we have ("( u)(p , (u(q ? These
could then be applied to obtain LP bounds of solutions of P.D.E.O®n
Lie groups. Currently, this is only known whenp= q= 1.

¥ Thesebounds could also be usedto examine other behaviour sud as
convergenceof Fourier transforms - if we used the ball multiplier, then
in the caseof compactLie groups, our formula for " correspondsto the
W -invariant polygonal regions of positive weights typically considered
for the convergence of Fourier serieson compact Lie groups.
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