A remark on the H' -calculus
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Abstract

If A, B are sectorial operators on a Hilbert space with the same
domain and range, and if #Ax# $ #Bx# and #A' x#$ #B' x#, then
it is a resut of Auscer, McIintosh and Nahmod that if A has an
H" %calculus then so doesB. On an arbitrary Banach space this is
true with the additional hypothesison B that it is almost R-sectorial
aswasshown by the author, Kunstmann and Weisin arecert preprint.
We give an alternative approach to this resultt.
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1 Introduction

In [1] the authors showed that if X is a Hilbert spae and A, B are sectorial
operators with the samedomain and range and sai sfying estimates

HAXH#S #Bx#  x & Dom (A) (1.1)

and
#A' Ix#$ #B' Ix#  x & Ran (A) (1.2)

then if oneof (A, B) admitsanH" %calculus then so does the other. Results
of this type are useful in applications and were studied in [7] for arbitrary
Banad spaces. In that paper, a similar result (Theorem5.1) is proved under
the additional hypothesisthat A is almost R-sectorid.

In this note we give a rather dile rent approach to this reault. We replace
the almost R-sectaiality assumpgion by the technically weaker assumpion
of almost U-sectoriality, although this is probably not of great signibcaice
Howewer, our approach hereis perhapsa little simpler. We also point out

*The author was supported by NSF grant DMS-0555670
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that same additional assumption is necessgy in arbitrary Banach spaces
there are examplesof sectorial operators A, B saisfying (1.1) and (1.2) but
sudh that only one hasan H" %calculus.

It is possibleto considerestimates on fractional powers and our results
can be extended in this diredion (asin [7]); howewer to keg the expostion
simple we will not discussthis point. We also point out that our approach
is redly basedon an interpolation method, known as the Gustavsso-Peetre
method [5] (seealso[4]); but to avoid certain technicalit ieswe have not made
this explicit.

2 U-bounded collecti ons of operator s

Let X be a complexBanad space. A family T of operators T : X ' X is
caled U-bounded if there is a constant C sud that if (x;)i; ( X, (xj#)jf‘zl (
X*, (Tj )jn=1 (T,
In In In
DTix;, x*| + C sup# axj#sup# ax'#
j=1 laj =1 j=1 laj =1 j=1
The best suth constart C is calledthe U-bound for T and is denoted U(T).
This concept was intr oducedin [8].
We recall that T is called R-boundel if there is a constant C sud that if
(X)j= € X, (T (T,
In In
(E# L, Tx#)Y2+ C(E# jx,#)Y2
j=1 j=1
Here (!;)/.; is a seguenceof independert Rademaders. The best suc con-
stant C is called the R-bound for T and is denoted R(T). An R-bounded
family is automatically U-bounded]8].
We will needthe following elemertary property:

Proposition 2.1. SupwseF : (0,! )' L(X) is a continuous function and
that T = {F(t) : O0< t< 1} is U-bounda with U-bound U(F). Supmse
g & L1(R, dt/t ). Then the family of operators
G(s) = g(st)F(t)? O<s<!
0
#.
is U-bounded with constent at most U(F) , [g(t)|dt/t.
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Proof. Suppose(x;)=; ( X, (x)-; ( X* with

In In

sup#  axi# sup# axH+ L
3 1=1 =1 3151 =

Then for s4,...,S, & R we have

" e dt
NG(s)x;, x*| + lg()F (s} *t)x; ,xj#*|T
J=1 =t O

LUFE)  laIT

0

3 Sectorial operators

Let X be a complex Banach spaceand let A be a closedoperatoron X. A is
called sectorial if A hasdense domain Dom (A) and denserange Ran (A) =
Dom (A' 1) and for some0 < " < # the resohert ($%A)' ! is bounded for
|arg$|, " and satisPeghe estimate

sup #3($%A) #H< 1 |
larg! |$"

The inbmum of such angles” is denaded %A).

Let ! . bethe opensector{z=0: |argz|<"}.Iff &H" (! ) wesa
that f & Hy (! +) if there exists &> 0 sudh that |f (z)] + C max(|z|* |z|' #).
For f & Hy (! +) where" > %A) we can debne f (A) by a contour integral,
which corvergesas a Bochner integral in L (X).

£ (A) = 2—; F($)($%A)! 1d$

where" ¢ is the cortour {|t|e ¥59"t: %! <0< 1} and%A)<' <".We
can then esimate # (A)# by

#(A)+ C |f ($)|%.
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If we have a stronger estimate
#(A)#+ CH #y .y F &Hy (1)

then we say that A hasan H" (! - )%calculus; in this case we may extend
the functional caculus to debnef (A) for every f & H" (! +). The inbmum
of all sudh angles” is dended by %, (A).

We will needa criterion for the existenceof an H" -caculus. It will be
conveniert to usethe notation f, (z) = f ($z) and to let u(z) = z(1 + 2)' 2
sothat u & H, (! +) for all " < #. The following criterion goesbad to [2]
and [3]. A simple proof is given in [10].

Proposition 3.1. Let A be a sectorial operator and supwse 0 < " < #.
Then the following are equivalent:
(i) Thereis a constant C so that

t
Duy(tA)X, x#*|dT + C#x#tx*#  |argp| =", x &X,x* & X*
0

(i) A hasan H" %calculus with % (A) + # %".

Remark. (i) is equivalert by the Maximum Modulus Principle to

' dt
Duy(tA)X, x#*|T + CHx#i™  |argp|+ ", x & X, x" & X*,
0
If A is sectorialwe can debPnea closedoperator A# on X # by A#x* = x#. A
with domain Dom (A¥) consisting of all x* sudh that x ' x#(Ax) extends
to a boundedlinear functional on X. Then A* neednot be sectaial sinceit
neednot have densedomain or range. Note that

#A'* = sup |)x,x™  x* & Dom (A%
%" 1x%&L
x' Ran (A)
and
#HAD Ix#t=  sup |)x,x™|  x* & Ran (A").
X %&L
x' Dom (A)
Thusif A and B are sectorial operators satisfying (1.1) and (1.2) they will
also saisfy Dom (A*) = Dom (B¥), Ran (A*) = Ran (B#) and

#A'X*H S #B x"#  x" & Dom (A¥) (3.1
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and
#AH X' $ #BY) x*#  x* & Ran (A%) (3.2)

If A is a sectorial operator and " > %A) we shall that f & H, (! +) is
U-bounded (respectively R-bounded) for A if the family of operators {f (tA) :
O<t< !} isaU-bounded (respedively R-bounded) cdlection.

Proposition 3.2. SupwseA hasan H" -calculusandthat” > % (A). Then
for any f & H, (! ) we havethat f is R-boundel (and thus U-bounded) for
A.

Proof. Suppose%{A) < ( < ". Thenthemap$' f($A)isanalyticon! -, o
and extendscortinuously to the boundary. The operators {f (2¢te*'("! WA}, 2
are R-bounded (uniformly in 0< t < ! ) by Theorem3.3 of [8] and the result
follows by Lemma 3.4 of the same paper. ]

SupposeA is a sectorial operator on X and" > %A). We will say that
A is almod U-sectorial (regpectively almost R-sectaial) if thereis an angle
" sud that the set of operators {$AR($,A)? : |arg$|, "} is U-bounded
(regpectively R-bounded) If wedebneu(z) = z(1+ z)' ? this impliesthat the
functions u, (z) = u($z) are uniformly U-bounded(respectively uniformly R-
bounded) for |arg$| + # %". The inPmum of sud anglesis denoted%, (A).
By Lemma 3.4 of [8] this dePniton is equivalent to

% (A) = #%sup{) : Uew is U-bounded
or, respedively
%% (A) = #%sup{) : Ui+ is R-bounded}.

Proposition 3.3. Supmse A admits an H" -calculus. Then A is almost
R-sectorial (and hene@ almost U-sectorial) and % (A) + % (A) + % (A).

Proof. This follows from Proposition 3.2 O

Lemma 3.1. Supmse A is almost U-sectorial and " > ' > % (A). Then
there is a constant C = C(") sothatif f & Hy (! ) thenf is U-bounded
for A with U-bound "

|d$|
U(f) + C ) f @) g
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Proof. Fix " > ( > "' > %(A). We may write f (tA) in the form

f(tA) — 2_1]:';' f (t$)$l 1/2A1/2($ %A)! 1d$
I's

Therefore the result follows from Lemma 2.1 once we shov that the two
families of operators {h(e*'®tA) : 0< t < !} are U-bounded where ) =
#%( andh(z) = zZY%(1+ 2)' *.
Consider
1+ izV? z
0,
1%izV2 o 1+ z

Theng&H, (! -). Furthermore

0(z) = %i log |argz| < #.

d(z) = ' Y2(1+ 2)' T#(1L+ 2)' 2

Hencege:# & Hy (! o). For conveniencewe considerthe cas of +). Thus
if "
— 1 i& 12
the family of operators {T; : 0< t < !} is U-bounded, again by Lemma
2.1 Now integration by parts shows that

i&
T = % (t€5$) V2(1 + te'®$)' L 96#(1 + t€%$)' )$($ WA)' 1d$
- 2_;]&;&| (h(tei&$) %#u(tei&$))($ %A)! 1d$

h(te'®A) % #u(te®A).

Thusit follows that the family {h(te®A) : 0< t < !} is U-bounded.
O

4 The main results

If A issectaial thenthe spaceDom (A)/ Ran (A) is a Banach space(densely
embeddedinto X underthe norm #Ax#+ #A' Ix#+ #x#; similarly Dom (A#)/
Ran (A¥) is a Banach space embeddedinto X# under the norm #A*x*# +
HAM I+ #xH.
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Theorem 4.1. Supmse A is a sectorial operator. In orde that A havean
H" -calculus with %, (A) = " it is necessaryand su! cient that:

(i) A is almost U-sectorial with % (A) = ".

(i) There existsa constant C, sothat for each x & X there is a continuous
function * : (0,! )' Dom (A)/ Ran (A) suchthat

IN o
# a2 Kt Al * (2% # + Citix#t, j = %1,0,1, |a|+ 1, N=1,2,...,0< t<!

k=1 N
and " gt

)X, X7 = )*(1), X#*T x* & X,
0

(iii) There exigs a constant C, sothat for eachx* & X # there is a continuous
function ** : (0,! )' Dom (A*)/ Ran (A*) suchthat

IN o
# a 2kt (AN (250 # + Cotx™, j = %1,0,1, |la |+ 1L, N =1,2,...,0<t<!
k=1 N

and " gt
)X, x** = )X, *#(t)*T X &X.
0
Proof. Let us assume(i), (i) and (iii). Suppose|)| < # %" and #x# +
1, #"#+ 1. Let *(t),**(t) be chosenaccordingto (ii) and (iii). We deme
x‘-(t) = tA* (t) + t! 1A! 1*(t) + 2*(t), x-#(t) — '[A#*#(t) + t! 1A#*#(t) + 2*#('[).

Thus we have

IN _
# a2 2% t)#+ 3Cy, j = %L,0,1, ||+ 1L, N=1,2,...,0<t<!
k=! N
and
IN _
# a2 2 ) #+ 3C,, | = %1,0,1, |ax| + L, N =1,2,...,0< t<!
k=1 N

Note that *:(0,! )' X and**:(0,! )' X¥ areboth continuous and

*(t) = u(tA)*(t) O<t<!
) = (UA) (1) 0<t<!
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If #9%]|argpu|>" > " we have

| < uu(rA)x, x* > |ﬂ + |)Up(fA) (s), *(t)* |dt dsdr
0 ' wo wo wo t sr
- dt dsdr
- Dun(rtA)*(st), **(0)*1
0 0 0 S r

For bxedr,s

0 Duu(rta)*(s0), **(0°| T = O DUt )u(SHA) ), (u(tA ) ()1 T

21

DU (2 tA)us(2 tA ) u(2 tA ) 5(s2' t), #(2 t)*|$
1

itz
+ 9C,C,U(uryusu)
|d$|
+C | u(rp$)u(sHu(®)|—+ 5]
where C is constant independernt of x, x*. Integrating overr,s giveS'
n . $n
dr |d$| |d$|
< u(rA)x, x*>|—+ C $ u($
A x> | lu®g !!|()||$|

This estmate shaws, by Proposition 3.1, that A hasan H" %calculus with
% (A) + ". Since%y(A) + % (A) by Propodtion 3.3 we have equality.

To complete the proof we shaw that if A hasan H" %caculus then (i),
(i) and (iii) hold and that % (A) + % (A).

To shaw (ii) and (iii) we obsene that

12 " (u(tz))Zg =1
0 t

Note that Z'u(z)2 & H, (! ») for j = %1,0, 1. It follows essily that if x & X
and x# & X# then

*(t) = 12u(tA)>x, *#(1) = 12(u(tA)?)*x*

give the required functions.
For (i) obsenethat %, (A) + % (A) but the brst part of the proof shavs
equality.
0
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Theorem 4.2. SupmseA and B are sectorial operators such that Dom (A) =
Dom (B), Ran (A) = Ran (B) and for a suitable constant C we have

C' #Ax# + #Bx#+ CH#Ax#  x & Dom (A)

and
C' 1A' Ix#+ #B' Ix#t+ CHA' Ix#  x & Ran (A).

Supmse A hasan H" %calculus. Then the following are equivalert:
(i) B hasan H" %calculus with %, (B) = ".
(i) B is almost U-sectorial and %, (B) = ".

Proof. This is now immediate from Theorem 4.1 using (3.1) and (3.2). [

If X isaHilbert spacethen the assimption that B is almog U-sectaial is
redundant and this reducesto the result of Ausdher, Mcintosh and Nahmod
[1]. Howewer, in generd this assumption cannot be eliminated. It su“ces
to take a sectorial operator A with an H" %caculus with %, (A) > %A).
Sud examplesexist [6]; in fact examplesare known on subspaesof L, when
1< p< 2[9]. Now bx) with # %% (A) < ) < # %%A). Thus e*®A are
sectorid with %{e*'®A) + %{A)+ #%) . However if both havean H" %caculus
we would deducethat for a suitable constant C

: dt
Du(te* &A)x, x#*lT + C#x#x#  x &X, x* & X*
0
which would imply that % (A) + # %). This contradicti on implies that at

least one of €' &A fails to havean H" %caculus. Howewer if B = e*¢A then
(1.2) and (1.2) aretrivially satisped.
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