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Abstract

It is known that on a Hilbert space,the sum of areal scalar-type op-
erator and a commuti ng well-bounded operator is well-bounded. The
corresponding propernty has been shown to be fail on LP spaces,for
1< p¥# 2< co. Weshow that it doeshold however on every Banach
space X such that X or X' is a Grothendiedk space. This class no-
tably includesL?® and C(K) spaces.
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1 Introduction

This paper is concernedwith scdar-type spectral and well-boundedoperators
on a Banad spaceX .

The theory of scdar-type spectral operatorswas initiated by N. Dunford
(seehis survey [6]) in order to generalizethe theay of self-adjoint operators
to operators on generl Banadh spaces. These operators are those which
admit anintegral represetation with resped to a courtably additiv e spectral
measureg(the precisedepbntion is givenin section2) and thereforea functional
caculus for bounded measirable functions on their spectrum. In particular,
the spectral expansia of sud an operator converges unconditionally. An old
result of J. Wermer ( [19]) assertsthat Pnitely many commnuting scdar-type
spectral operatorson a Hilb ert spa canbe simultaneously transformedinto
normal operators, by passingto an equivalent inner product. An application
of this is that the sum and product of two commuting scala-type spectral
operators on a Hilbert space are also scdar-type spectral. This result has
beenextendedby many authors, begnning with C.A. McCarthy ( [14], [15])
in the 1960s who consideredoperators acting on LP spaesfor 1 < p < oc.



More recerly T.A. Gillespie ( [8]) shaved that, on a Banad lattice, the
Boolean algebra generatedby two commuting bounded Boolean algebrasis
itself bounded. As a conseqgiencehe obtains that the sum and product of
two commuting scala-type spectral operators on a weakly complete Banach
lattice (and alsoon a wide class of subspacesof Banach latt ices) are scalar-
type spectral. It has beenlong known howewer that counterexamplesto this
result exist even within the classof super-ref3exie Banad spaces. Indeed,a
counterexample can be given on the von Neumann-Schattten clasesC,, for
1< p#2< .

Onemay wonderunder what conditionsthe sum of two commnuting scala-
type spectral operatorswould have the weaker property of beingwell-bounded.
Well-bounded operators, introduced by D.R. Smart ( [18]), are debnedas
having a functional caculus for the absolutely corti nuousfunctions on sane
compact interval. They coincidewith the operators having, in somewealker
sensea spectral decanposition that corverges only conditionally. It is shavn
in [3]that onspacewith property (!) , thesum of two commuting scdar-type
spectral operators is always well-bounded. (The class of spaceswith prop-
erty (!) , which was introducedby N. Kalton and L. Weis in [10], includes
all UMD spaces.) On the other hand, T.A Gillespie proved in [7] that the
sum of two commuting well-bounded operators is not always well-bounded,
evenon a Hilbert space.

We address now the question of the well-boundednessof the sum of a
real scala-type spectral operator and a commuting well-bounded operator.
It followsfrom the samework of T.A. Gillespie[7] that the answer is positive
for Hilbert spaces. Howewer, it is shavn in [4], how one may construct a
counterexample in any ref3exive non-Hilb ertian Banach lattice. The aim of
this note is to prove that the answer is positive however on an abstract class
of Banach spa@swhich includes L! and C(K) spas.

Befare proceeding,we would like to point out that much of this theory
beas a closeresenblance with that which arisesfrom questionsconceming
whether the sum of two commutin g unbounded operators either hasan H"
functional calculusor is sectorid. Werefer thereaderto [1], [9], [10], [11] and
[16] for therelevant demitions and, among other things, theoremsanalogous
to the above mentioned results. One common ground for thesetwo theaies
is certainly the classicd work on unconditional bases as is expounded in [13].



2 Notation

Throughout this paper, X will denotea complexBanach space,By its closal
unit ball and B (X) the algebraof all bounded linear operatorson X . Let "
be the family of all Borel subsetsof C.

An operator T € B(X) is sad to be salar-type spectral if there exists a
spectral measure F debPnedon " , whos valuesare projections in B(X) and
saisfying the following properties:

() [IF]l = sup{[[F(A)], A€} < +oo.

(i) TF(A)= F(A)T,forallAe".

(i) ' (TIF(A)X) C A, forall Ac™.

(iv) F is,countably additive in the strong operator topology.

(V) T="F(@d").

If in addition ! (T) C R, then T is sad to be real salar-type spectral.
Every scdar-type spectral operator T admits a functional caculus debred
on the spaceB- (! (T)) of all boundedBorel measurablefunctions on! (T)
by the formula "
f(M= f)FE)
1(T)
and satisfying the standard esimate

IF (M) < 4[F[| sup [f(")
"H#1(T)

Details can be found in [5] (the constant 4 can be replaced by 2 if f is red
valued).

An operator S € B(X) is sad to be wel-boundel if there exist a constant
K and acompactinterval J = [a,b] sudh that for all complexpolynomials p,

b
IP(S)|| < K||pllac3), Where ||p|lac ) = igplp(t)l +  |p{t)| dt.

a

Equivalertly, there is a Banach algebra homomorphismf +— f(T), from
the algebra AC(J) of all absdutely cortinuous functions on J into B(X),
extending the natural debnition for polynomials and saisfying:

v € ACQ), [IF (M < KIIf lac()-

On a generalBanach space X, an operator S is well-boundedif and only if it
admits a so-called decomposition of the identity. This a family (H (t))wr C
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B(X') of projections enoying a few more properties and providing the fol-
lowing integral represetation for the functional calculus: for any f in AC(J),
xcX andx' € X',

b
F(Mx,x) = FO)xx' )=  (x, H@®)x fXt)dt.
a
Sincewe shall not needto usethis decanposition of the identity, we refer
the readerto [5] for the completedepbnition.

We now recall that a Banach spae X is a Grotherdieck space (in shat
GT-space)if thereisaconstant C sud that for every boundedlinear operator
T from X to % and all x4, ..,X, € X:

#1
[TXklle, < C|T|[ sup X" (xi) .
k=1 X' #By ! k=1

Sud an operator is called absdutely summing (see[17] for a complete study
of this notion).

3 A stro nger functional calculus for scalar-type
spectral operator s on certain Banach spaces

The key step is to show that the unconditionality of the spectral decanpo-

sition of a scala-type spectral operator is automatically strengthenedin a

GT-space. This is clearly inspired by the last sectionof [10] and by the fun-

damertal work of J. Lindenstraussand A. Pelczy'ski [12] on the uniqueness
of unconditional basesin #. In fact, our next proposition is just a variation

of Cordllary 8 of Theorem 6.1in [12).

Proposition 3.1. Suppmsethat X is a GT-space and F is a bounded bnitely
additive spectral measure debPnal on somealgeba of subsetf C. Then there
is a constant C suchthat for any x € X and any A4,..,A, € " which are
pairwise disjoint:

#n

IF (A < Clix]|.

j=1
In particular, if F is the spectral measure of a salar-type spectral operator
T on X, then for any x € X, the X -valued vector measue |y, debnée by
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Uy (A) = F(A)X, is a measure of boundal variation, whosetotal variation is
dominated by C||x||.

Proof. Let Ay,..,A, € " be pairwisedisjoint. Forevery u € X and1 <k <
n, we pick u, = u(u) € Bx: sud that (F(AW)u,u,) = ||[F(A)u|. Then, for
a= (a)p=; € C", wedebneT,,: X — # by

$ N
vy € X, Tuay = a(F(AY, Uy) k=1"

We clearly have
WeX,  [TuaYleg < llallg[[FI Iyl

SinceX is a GT-space, thereexistsC; > 0 sud that for all ae #, u € X
and uq,..,u, € X,

#n o
Tuatilleg < CollF[l flallg sup X' (u)]. (3.1

j:1 X'#Bxl j=l

We now apply the above inequality for u; = F(A;)uandg = |[F(Aj)u|. We
have that

%

$ \ $ %
Tu,auj = ak<F(Ak)F(AJ)u!uk> k=1 = $K,J' ||F(AJ)U”2 k=1 "

Cancelling ||a][5 from both sidesof (3.1) gives

#" #1
vueX, ( [FADUP"Z<CF| sup X (u)l.
=1 X' #By ! j=1
Note now that for any x' € By: ther&exist complex numbers of modulus
one,%, .., %, sothat — ., [x'(u)l = | L, (%F(A)u,x")|. Then, it follows
from the disjointness of the A; Osand the functional caculus bounds for T
that

#
Vu e X, sup X" (up)| < 4IF|luf
X' #By ! j=1
and so
#n 2\1/2 2
Yu e X, ( [[F(Aj)U[[)Y = < AC[|[F|* Jull. (3.2

j=1



Suppose now that x € X. Denote by T, the operator Ty, wherea =
(1,...,1). Fory € X, inequality (3.2) implies

#n
Tyl <O IFA)DYIRY2 <4C|FI? Iyl
=1

Note that if x; = F(A;)x then ||TyX; [« = ||[F(A;)X]|. Using again the fact
that X is a GT-spacewe get that

# #0
IF(ADXII= ITexllg < CallTull sup  [x"(x;)] < 16C [IFIF[Ix]l.

j=l le X‘#Bx! ]:1
O
We will alsoneedthe following dual statemert.

Proposition 3.2. Supwmse X' is a GT-space. Let T be a salar-type spectral
operator on X and let F ke its spectral measure. Thenthere is a constant C
suchthat for any x' € X' andany A4, ..,A, €" which are pairwise disjoint:

#n | | |
IFCA)) X[ < ClIX7-
=1

In other words, for any x' € X', the total variation of the X' -valued Pnitely
additive vector measure &, debred by & (A) = F(A)'x', is dominated by
Cllx"|l-

Proof. We just apply Proposition 3.1to F'. O

We now needto introduce more notation. For T € B(X), we denote by
{T}¥the comnutant of T (namely, the closedsubalgebra of B (X ) consisting
of all operators conmuting with T). Let S; denotethe algebraof all {T}%
valued Borel simple functions debPned on ! (T), and let B- (! (T),{T}9 be
the uniform closureof Sy. We can now state the main result of this section.

Theorem 3.1. Supmwse that X or X' is a GT-space (for instane X is
an L1-space, or X is a C(K)-space). Let T be a salar-type spectral opera-
tor on X and let F be its spectral measure. For any Pnite families (A;)iL;

of pairwise disjoing Borel subsetsof ! (T) and (S); in {T}% we debne
#( L, S1a) = L, SIF(A). Then # can be exterded into a bounded
algeba homomorphismfrom B. (! (T), {T}9 into B(X).



Proof. SinceT is a spectral operator, each operator that comnutes with
T also comnutes with its spectral measure (see[6] or Theorem 6.6 in [5]).
It is therefore simple to ched that # is an algebra homomorphism on Sr.
The conclusionwill therefae follow immgdiately oncewe can shaw that # is
boundedon Sy. Supposethenthat f = ., Sila, € S.

If X is a GT-spacethenit follows from Proposition 3.1that for all x € X,

#
I#(Exl < lISFADX] < C sup [IS[{x]| = CIif{I- fIx].

0/51 0,
i=1 O%i %N

If X' is a GT-space,we apply Proposition 3.2 and the fact that S; and F(A))
commute to obtain that

vx € X wx' e X' |(#(F)x, x)| < CIIF [l x| [

In each case,our edimate clearly yields the conclusion. ]

4 Application to the well-b oundedness of sums
of operators

Our result is the following

Theorem 4.1. Supmsethat X or X' is a GT-space. Let T be a real salar-
type operator on X and let S be a well-bounded operator on X which com-
muteswith T. Then S+ T is a well-boundeal operator on X.

Proof. Let# bethefunctional calculusmap from B- (! (T),{T}9 intoB(X),
assaciated with T in Theorem 3.1. Note brst that if f (") = g(")ldx, where
I dx is the identity operator on X and g is bounded, Borel measurableand
scdar valued, then #(f) = g(T). On the other hand, if U € {T}*and
f(")=Uforall" €!(T), then#(f)=U.

For p a complex polynomial, dePnethe map f, : ! (T) — {T}®by f (") =
p(S + "). Combining the above remarks, with the fact that # is an algebra
homamorphism, we get that #(f,) = p(S + T). It follows that there is a
constant C; sud that for every polynomial p:

(S + T < Ca_sup (") oo (4.1)



SinceS is well-bounded, there exist a compact interval J and a constant C,
sud that for any caomplex polynomial p, ||p(S)|| < C;||pllac ). Let K bea
compact interval containing ! (T) + J. It isa standard fact [5, Lemma 18.7]
that for all " € ! (T) and all complex polynomials p,

Ifo()llex) = IS+ ") < Cal[pllac x)-

Combining this with (4.1) shows that there is a constant C sud that for
every polynomial p, [|[p(S+ T)|| < C||pllac k), and therefaethat S+ T isa
well-bounded operator. m

Remark 4.1. Under the sameasamptions, one can show with a similar
proof that (S, T) is well-bounded for every red polynomial qg.

Remark 4.2. We concludethis note by shawving that if T is a scala-type
spectral operator on a Hilbert spaceH, then it also admits a functional
caculus dePnedon B- (! (T), {T}. This givesan alternative quick proof of
GillespieOsesult ( [7]).
So, le (Ai)iL, be pairwise digjoint Borel subses of ! (T), (Sj)iL; in T
For f = 1, Sila, set#(f) =, SIF(A). Writing
$#" %$" %
Vte[0,1] VxeH #(f)x= ri(H)F(A) ri(t)F(A)Sx ,
i=1 i=1
noting that || & " Ti(F(A)] < 2||IF| and using the parallelogram law, we
obtain that for any x € H:

1 g0 #"
[#(F)x]| < 2[[F|( . I n®FA)SX|Pd) 2= 2F|I(  [IF(A)SxX]?)Y?.
i=1 i=1
But
4 40 R
IF(A)SIX|IZ < [IF[IF ¢ [[FCADXIP) = [If 11?7 ( . | ri()F(A)X]*dt).
i=1 i=1 i=1
Thus

[#CE )] < 4IF [P (%]
This Pnishesour proof.
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