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∫ ∞

−∞
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dx =
√
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πn/2 =

n
∏

i=1

∫ ∞

−∞
e−x2

i dxi

=

∫

Rn

e−
P

∞

i=1 x2
i dV

=

∮ ∫ ∞

0
rn−1e−r2

drdΩ

=
1

2

∫ ∞
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zn/2−1e−z dz ·

∮

dΩ
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Γ
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n
2

)

2
·
∮
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∫ ∞

0
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∫ ∞

0
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n!
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x = 1
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∫ ∞

0
tne−t dt = n! = Γ(n + 1).
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∮ ∫ R
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rn−1 drdΩ

=
Rn

n
·
∮
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x ∈ R
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{�ÛÜh�[�T4Uq]�`^t-b~d~bc`^a�}�`��w��}uU

e�U��4h4U([�T4U(tz`^�¯h�b~[�W4e�U�\^]
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|β| =
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∑

i=1

β2
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Dβu =
∂|β|u

∂xβ1

i · · · ∂xβn

n
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C0(Ω) =
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k
`^aPU�Z�\<h6[�b~h�W4\<W4Vlb~h

Ω}
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Z�\<h6[�b~h�W4\<W4V,\<h
Ω '
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V�bje�U"a�b~h��zZ�U"a�[+`^b~h±_�`^[�T4\<dj\<�¯bjZ�`^d�e�\<tz`^b~h4V�{
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u
bjV�e�U��4h4U�e±`<V
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u = {x ∈ Rn |u(x) 6= 0}.
�s\<a�aPU�V�_>\<h4e0b~h��¯d~�w��}uU�e�U��4h4U

Ck
0 (Ω) = { ]nW�h4Z"[�bj\<h4V�b~h Ck(Ω)

T�`�v2b~h��zZ�\<t-_�`<Z"[,VPW�_�_>\<a�[�b~h
Ω}.Û�h�[�T4U Z�`<VPUl}#T4U"aPU

k = ∞ �6}sUqT�`�vwU �wU"[�`IvwU"a��
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[�T4U�`^X>\|vwU�e�U��4h�b~[�bj\<h@�4h�`^t
U"d~�
C∞

0 (Ω) = { b~h0�4h�b~[PU"d~��e0bgf�U"aPU"h6[�bc`^X�djU(]nW�h4Z"[�bj\<h4V�}#b~[�T±Z�\<t-_�`<Z"[lV�W�_�_>\<a�[,b~h Ω}.¶6_>U�Z"bg��Z�`^d~d~�w�
C∞

0 (Ω)
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∆u =

n
∑

i=1

∂2u

∂x2
i

, u ∈ C2(Ω).
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b~hzZ"dc`<VPV�bjZ�`^d4h4\<[+`^[�bj\<h@{ �s\<W�_�djU�e
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u ∈ C2(Ω)
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\<h�bjZ±� �

Ω
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∆u = 0� �
Ω �

��� Ó����	�ÕÏ¬Í�Ì
u(x1, x2) = x2

1 − x2
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\<h�bjZ�� � ¢Ú�¯��¥
 <�4���
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∆u ≥ 0
� ≤ 0

�
�Õ�
Ω �

����Ù
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\<h�bjZI`^h4e�v2bjZ�U�xÉvwU"aPV+`0{
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x ∈ R

n �
� �����

∆|x|2 = 2n ��� �6��¡ � |x|2 �c¡q¡8�����2�<��Ù
 <�4��¤��Õ� R
n �
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u ≤ max
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u

(

⇐⇒ max
Ω

u = max
∂Ω

u

)

.
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∆u ≤ 0
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Ω �
� �0���

u ≥ min
∂Ω

u

(

⇐⇒ min
Ω

u = min
∂Ω

u

)

.
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-  <��¡��P�"���"���n���
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∆u = 0
�Õ�

Ω �
� �0���

min
∂Ω

u ≤ u ≤ max
∂Ω

u.
k�·wr
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u
VPW�X�T�`^a�t
\<h�bjZ¯�@[+`^�wU

ε > 0
`^h4e®e�U��4h4U

v = u + ε|x|2 ��VP\�[�T�`^[ ∆v = ∆u + 2εn > 0
b~h

Ω
{ ÛÉ]

v
[+`^�wU�V�`^[�[+`^b~h4V�`

tz`³�2b~tIW�tØb~h
Ω
�y}uU-T�`�vwU

∆v ≤ 0
`^[�[�T�`^[�_�\<b~h�[���`�Z�\<h6[�a+`<e0bjZ"[�bj\<h@{�S�T�W4V���X��

[�T4U�Z�\<t-_�`<Z"[�h4U�VPV,\^]
Ω
�0}uU�T�`�vwU

v ≤ max
∂Ω

v.

��b~h�`^d~d~�w��}uU([+`^�wU
ε → 0
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 +�Ì � � �¯� u, v ∈ C2(Ω)∩C0(Ω) � 
 ¢ ∆u = ∆v = 0� �
Ω
�<�>¥

u = v
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∂Ω �
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u = v
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Ω �
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\<aPU-�wU"h4U"a+`^d�U"d~d~b~_�[�bjZ
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X�a�bjU
	4�×aPU"t-b~h4e®\<W�a§x
VPU"d~vwU�V�\^]
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]n\<a�t�{

∆u = 0
b~h

Ω

u = φ
\<h

∂Ω
]n\<a�V+\<t
U

φ ∈ C0(∂Ω)
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Ω ⊂ R
n {
«¬Uqh4\�} Z�\<h4VPbje�U"a#[�T4U,]�\<d~dj\�}#b~h��
e0bgf!U"aPU"h�[�bc`^d�\<_>U"a+`^[P\<a��

Lu :=
n
∑

i,j=1

aijDiju +
n
∑

i=1

biDiu + cu,

}#T4U"aPU
aij , bi, c : Ω → R

{�©q\�}���}sU�V�[+`^[PU([�T4Uq]�\<d~dj\�}#b~h��4{
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� ¡(¡"�<��¥)�É  �P�-U"d~d~b~_�[�bjZwkne�U"�wU"h4U"a+`^[PU-U"d~d~b~_�[�bjZ|rI� ¢
A := [aij ] > 0(≥ 0)
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Ω �
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�<����¡ �
bÉ{ r�ÛÜh®[�T4Uz`^X�\�vwU
e�U��4h�b~[�bj\<h A > 0

t
U�`^h4V�[�T4U-t-b~h�b~t�W�t U"b~�wU"h�v¯`^d~W4Uz\^]#[�T4U
tz`^[�a�bg� A bjV

> 0
{*°×\<aPU(U��0_�d~bjZ"b~[�d~�w�4[�T�bjV#t
U�`^h4V,[�T�`^[

n
∑

i,j=1

aijξiξj > 0, ∀ξ ∈ R
n.
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b~bÉ{ r�S�T4U±dc`<V�[)e�U��4h�b~[�bj\<h b~h4e0bjZ�`^[PU�V)[�T�`^[Ú_�`^a+`^X�\<d~bjZ²m�o p½knVPW4ZPT `<Vz[�T4U²�lU�`^[
p�i6W�`^[�bj\<h�r#`^aPU(aPU�`^d~d~��e�U"�wU"h4U"a+`^[PUIU"d~d~b~_�[�bjZ�U�i�W�`^[�bj\<h4V|{

�4\<aÚZ�\<h6vwU"h�bjU"h4Z�U¯�#}uU�}#b~d~d,X>U�W4VPb~h��¬[�T4U�p�b~h4V�[PU"b~h V�W�t-tz`^[�bj\<h Z�\<h6vwU"h�[�bj\<h ]n\<a
aPU"_>U�`^[PU�e-b~h4e0bjZ"bjU�V|{�S�T�bjV
t
U�`^h4V�[�T�`^[�b~hz`^h���U��2_�aPU�VPVPbj\<hÀ}#T4U"aPU�djU"[�[PU"aPV*\^]�b~h4e0bjZ"bjU�V
`^_�_>U�`^a t
\<aPUÀ[�T�`^h®\<h4Z�U¯�@`zV�W�t-tz`^[�bj\<h®bjV(`^_�_�d~bjU�e²[P\Ú[�T�`^[qb~h4e�U��×]ÕaP\<t

1
[P\

n
{

« b~[�T�[�T�`^[,b~h�t-b~h4e!��}uU�Z�`^h±}#a�b~[PU�\<W�a��wU"h4U"a+`^dy\<_�U"a+`^[P\<al`<V

Lu := aijDiju + biDiu + cu.

©l\|}���}sU�t
\|vwUI\<h6[P\)[�T4U�}sU�`^��tz`³�2b~tIW�t _�a�b~h4Z"b~_�djUI]�\<al\<W�a V�_�U�Z"bc`^d�Z�`<VPUÀ\<_>U"a§x
`^[P\<a��

Lu = aijDiju.
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u ∈ C2(Ω)∩C0(Ω)�<��¥

f : Ω → R � 
 ¢ Lu ≥ f �
� �0���

u ≤ max
∂Ω

u +
1

2

(

sup
Ω

|f |
TrA

)

· (diamΩ)2 ,
k �6r



�0���P�

TrA � ¡(� �����n���w¤+�- �¢�� �0��¤+ |���F¤"�É�����sÙ
�¯�n����� A �É� � � � TrA =
∑n

i=1 aii � �
©l\<[PU¯�lÛÉ]

f ≡ 0
��[�T4U-`^X>\|vwUÀaPU�e0W4Z�U�V [P\Ú[�T4UIaPU�V�W�d~[(\^]*[�T4UI�4aPV�[q}uU�`^�×tz`³�2b~tIW�t

_�a�b~h4Z"b~_�djU�}uU�_�aP\�vwU�e!{*© `^t
U"d~�w�
u ≤ max∂Ω u

{
�s�§ | §¢ �%« b~[�T4\<W�[-dj\¯VPV
\^] �wU"h4U"a+`^d~b~[��'}uU�tz`��'[�a+`^h4V�dc`^[PU

Ω
VP\ [�T�`^[
b~[
Z�\<h6[+`^b~h4V

[�T4U�\<a�b~�¯b~h@{�¸l��`^b~h@��}uU�Z�\<h4VPbje�U"al`^h×`^W0�0b~d~bc`^a��z]nW�h4Z"[�bj\<h@�

v = u + k|x|2,
}#T4U"aPU

k
bjV(`^h `^a�X�b~[�a+`^a��²Z�\<h4V�[+`^h�[([P\ÚX>UÀe�U"[PU"a�t-b~h4U�e dc`^[PU"a�{�¶6b~h4Z�UÀ[�T4UI�qU�VPV�bc`^h

°²`^[�a�bg�
D2u

bjV�V��2t-t
U"[�a�bjZ¯�¯}sU�tz`��IZ+T4\6\¯V+U�`lZ�\2\<aPe0b~h�`^[PU�V��0V�[PU"t V�W4ZPT-[�T�`^[
D2ubjV�e0bc`^�w\<h�`^dÉ{*ÛÜh�[�T�bjV�Z�\2\<aPe0b~h�`^[PU�V��0V�[PU"t��0}uU�Z�`^djZ"W�dc`^[PU

Lv = Lu + 2kaijSij = Lu + 2k · TrA,

}#T4U"aPU
Sii = 1

`^h4e
Sij = 0

}#T4U"h
i 6= j

{%©l\|}��*V�W�_�_�\¯VPUÚ[�T�`^[
v
`^[�[+`^b~h4Vz`^h

b~h�[PU"a�bj\<a,tz`³�0b~t�W�t½`^[
y ∈ Ω

{��4aP\<t´Z�`^djZ"W�d~W4V��0}uU�[�T4U"h��6h4\|} [�T�`^[
D2v(y) ≤ 0

�
}#T�bjZPT±b~t-_�d~bjU�V,[�T�`^[

aijDij ≤ 0
`<V A bjV#_>\¯VPb~[�b~vwU(e�U��4h�b~[PU¯{*©q\�}���bg]
}uU�Z+T4\6\¯V+U

k >
1

2
sup
Ω

|f |
TrA ,
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\<W�al`^X>\|vwU�Z�`^djZ"W�dc`^[�bj\<h±b~h4e0bjZ�`^[PU�V,[�T�`^[
Lv > 0 '

`-Z�\<h�[�a+`<e0bjZ"[�bj\<h@{sS�T�W4V|�

v ≤ max
∂Ω

v

}#T�bjZPTzb~t-_�d~bjU�V�[�T4U#aPU�V�W�d~[*`<V
Ω
Z�\<h6[+`^b~h4V�[�T4U�\<a�b~�¯b~h×kÕ}#T�bjZ+Tzb~h4e0bjZ�`^[PU�V*[�T�`^[ |x|2 ≤

(diam Ω)2
r�{
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��Â�Ã � # #���È��0Ç>ÆwÈÉÅ�Ê
©l\|} }uU(}#b~d~dy`^_�_�d~��[�T4U }sU�`^�)tz`³�0b~t�W�t´_�a�b~h4Z"b~_�djU�[P\�[�T4U(VPU�Z�\<h4e�t
\¯VP[�]�`^t
\<W4V
U"d~d~b~_�[�bjZ�m�o p���[�T4U 
±� ��� Ù
�<�>£��2� ¢��w¤+� �#���0�¯�n�� <�
�

(1 + |Du|2)∆u − DiuDjuDiju = 0.

S�T�bjV#bjV�`Ài�W�`<V�b~d~b~h4U�`^alm�o pF`<V#\<h�d~�Úe�U"a�b~v¯`^[�b~vwU�V,\^]�[�T4U-­�V�[#\<aPe�U"a,`^aPU t�W�d~[�b~_�d~bjU�e
`^��`^b~h4V�[�[�T4U
µ^h4e®\<aPe�U"a�\<h4U�Vzk�`Ú]nW�d~d~�×h4\<h�d~b~h4U�`^aIm�o p }u\<W�dje®T�`�vwU-_�aP\2e0W4Z"[PV�\^]
VPU�Z�\<h4e®\<aPe�U"a�e�U"a�b~v¯`^[�b~vwU�V8r�{À«¬U�}#b~d~d�h4\�} V�T4\|}�[�T�`^[([�T�bjV(bjV b~h4e�U�U�e%`^h¬U"d~d~b~_�[�bjZ
m�o p�{��,U�Z�`^d~d~b~h���\<W�a VP_>U�Z"bc`^d�Z�`<VPU

Lu = aijDiju
��}uU�Z�`^h²aPU"}#a�b~[PUI[�T4UIt-b~h�b~tz`^d

V�W�a§]�`<Z�U�U�i�W�`^[�bj\<h�b~h�[�T�bjV�]n\<a�t }#b~[�T

aij = (1 + |Du|2)Sij + DiuDju,

}#b~[�T
S
X>U"b~h��)`<V#b~[#}s`<V,b~h�[�T4U _�aPU"v6bj\<W4V,_�aP\6\^]�{�©q\�}���}sU�Z�`^djZ"W�dc`^[PU

aijξiξj = (1 + |Du|2)Sijξiξj − DiuDjuξiξj

= (1 + |Du|2)|ξ|2 − DiuDjuξiξj

= (1 + |Du|2)|ξ|2 − (Diuξi)
2

≥ (1 + |Du|2)|ξ|2 − |Du|2|ξ|2

= |ξ|2.
©l\<[PU¯��Sy\l�wU"[�[�T4U*[�T�b~aPeÀU�i6W�`^d~b~[���b~h�[�T4U�`^X>\|vwU¯�<}uUsV�b~t-_�d~�(aPU"dc`^X>U"djU�eIaPU"_�U�`^[PU�eIb~h0x
e0bjZ"bjU�V�{*¶6b~h4Z�Ul\<h4UqV�W�t
Vs\�vwU"a�`(aPU"_�U�`^[PU�eÚb~h4e�U����6b~[ � VsaPU"_�aPU�VPU"h�[+`^[�bj\<h�bjV�`�e0W�t-tI�
b~h4e�U�����}#T4\¯V+U(aPU"dc`^X>U"d~b~h��Úe�\6U�V#h4\<[q`³f�U�Z"[#[�T4U�Z�`^djZ"W�dc`^[�bj\<h@{
��aP\<t [�T�bjV)Z�`^djZ"W�dc`^[�bj\<h@��}uU×Z�\<h4Z"d~W4e�U±[�T�bjVÚU�i�W�`^[�bj\<h bjV
b~h4e�U�U�eFU"d~d~b~_�[�bjZ¯{ ©q\�}��
W�_>\<h [+`^�6b~h��

f = 0
`^h4eFaPU"_�dc`<Z"b~h��

u
X�� −u

��}uU²Z�`^hFh4\�} `^_�_�d~� [�T4U±}uU�`^�
tz`³�2b~tIW�t´_�a�b~h4Z"b~_�djU�[P\�[�T�bjVlU�i�W�`^[�bj\<h@{
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�w\�\�vwU"a [�T4UÀ}uU�`^�²tz`³�2b~tIW�t _�a�b~h4Z"b~_�djUÀ]n\<a \<_>U"a+`^[P\<aPV T�`�v6b~h��±`^d~d
\<aPe�U"a,\^]
e�U"a�b~v¯`^[�b~vwU�V ≤ 2
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u ∈ C2(Ω) ∩

C0(Ω) � aij , bi, c : Ω → R � c ≤ 0 � �¯��¥ Ω
�� ¯�6��¥6��¥ � 
 ¢ u

¡"�¯�n� ¡��s��¡)� �0�×��� � � ( �
�n�n¤-���"���¯�n�� <� �É� � � � [aij ] = A > 0

�

Lu = aijDij + biDiu + cu ≥ f,
k��wr

� �0���

u ≤ max
∂Ω

u+ + C

(

n,diamΩ, sup
Ω

|b|
λ

)

· sup
Ω

|f |
λ

,
k��wr
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λ = min
|ξ|=1

aijξiξj
�<��¥

u+ = max{u, 0}.

©l\<[PU¯��Û�]
aij bjVsh4\<[sZ�\<h4VP[+`^h�[��0[�T4U"h λ

}#b~d~d�`^d~t
\¯VP[�`^d~}�`��0V�X>Ulh4\<h0x�Z�\<h4V�[+`^h�[�\<h
Ω`<V#}uU"d~dÉ{

�s\<h4VPU�i�W4U"h4Z�U�V|�
• Û�] f = 0

��[�T4U"h
u ≤ max∂Ω u+ {

• Û�] f = c = 0
��[�T4U"h

u ≤ max∂Ω u+ {

• Û�] Lu ≤ f
\<h4U ��`^b~h4Vl`Àdj\�}sU"a,X�\<W�h4e

u ≥ max
∂Ω

u− − C sup
Ω

|f |
λ

,

}#T4U"aPU
u− = min{u, 0} {

• Û�]s}sU
T�`�vwUz[�T4U
m�o p Lu = f
�@[�T4U"h�\<h4U-T�`<V�X�\<[�T�`^h¬W�_�_�U"aÀ`^h4e¬dj\�}uU"a

X�\<W�h4e!�

|u| ≤ max
∂Ω

|u| + C sup
Ω

|f |
λ

.

• � h�bji�W4U"h4U�VPVÀ\^]�[�T4Uzoqb~a�bjZ+T�djU"[�m�aP\<X�djU"t�{ �lU�Z�`^d~dÉ��[�T�`^[I[�T4UÚ_�aP\<X�djU"tØbjV�`<V
]�\<d~dj\�}�V

{ m*oqp,�
Lu = f

b~h
Ω

u = φ
\<h

∂Ω
.

¶2\-bg]�\<h4U�T�`<V
u, v ∈ C2(Ω) ∩ C0(Ω)

}#b~[�T
Lu = Lv

b~h
Ω
��`^h4e

u = v
\<h

∂Ω
��[�T4U"h

u ≡ v
b~h

Ω
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bjV,[�T4U�V�b~t-_�djUÀ`^_�_�d~bjZ�`^[�bj\<h²\^]�[�T4U�}uU�`^�

tz`³�0b~t�W�t _�a�b~h4Z"b~_�djU,[P\
w = u−v

�w}#T�bjZPTzbjVu\<X�v2bj\<W4V�d~�
`�VP\<d~W�[�bj\<hÚ\^]!m*oqp
`<V#b~[ � V�d~b~h4U�`^a�{
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v = |x|2 }#b~d~d�h4\<[�}s\<a��-b~h
[�T�bjV*VPb~[�W�`^[�bj\<hÚ`<V Lv = 2 ·TrA+2bixi +c|x|2 '[�T4U
bixi

tz`��)X�U�`�dc`^a��wU(h4U"��`^[�b~vwU�h�W�t�X�U"a�]�\<a#dc`^a��wU(v¯`^d~W4U�V,\^] |x| {
¶2\���djU"[�W4V#[�a��

v = eα(x,ξ),

}#T4U"aPU
ξ
bjVyV+\<t
Uu`^a�X�b~[�a+`^a���vwU�Z"[P\<a�{�¸,djV+\��|}sU*}#b~d~d2Z�\<h4V�bje�U"a

Ω+ = {x ∈ Ω |u > 0}b~h4V�[PU�`<eÚ\^]
Ω
��]�\<a*[�T4UlaPU�V�[u\^]y[�T4U,_�aP\6\^]�{ �udjU�`^a�d~�w�2[�T�bjVue�\2U�Vuh4\<[�`³f!U�Z"[u[�T4UlaPU�V�W�d~[

`<V#}uU�`^aPU�VPU�U"�6b~h��-[P\
X>\<W�h4e
u
X��

max∂Ω u+ {
« b~[�T�[�T�`^[���}sU(T�`�vwU�\<h Ω+

L0u := aijDiju + biDiu ≥ −cu + f

≥ f.

x0

ξ

d

O

Ω− = {x ∈ Ω |u < 0}

Ω+ = {x ∈ Ω |u > 0}

xi

��b~�¯W�aPU �4{~­¯�
©l\|}���}uU(}#bjVPT�[P\
V�_�U�Z"bg]Õ�Ú}#T�bjZPT±vwU�Z"[P\<a

ξ
bjV�{���\<a�[�T4Uq]n\<d~dj\|}#b~h��4�4_�djU�`<VPU aPU�]�U"a�[P\

[�T4U
�4�¯W�aPU¯{×«¬U
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[P\)`zX>\<W�h4e4`^a��×_>\<b~h6[q\^]
Ω
V�W4Z+T²[�T�`^[q[�T4U"aPU�U��2bjVP[PVq`zT��2_>U"a�_�dc`^h4UÀ[�T�aP\<W��¯T [�T�`^[

_>\<b~h6[,}#b~[�T
Ω
d~�2b~h��z\<h�\<h4U�V�bje�U�\^]�b~[�{

ξ
bjV,V�b~t-_�d~��[+`^�wU"h�[P\-X�U [�T4U(W�h�b~[�vwU�Z"[P\<a

h4\<a�tz`^d�[P\)[�T�bjV T��2_>U"a�_�dc`^h4U¯{ �4\<a�V�b~t-_�d~bjZ"b~[Ü�×}sU�aP\<[+`^[PU-\<W�a�Z�\6\<aPe0b~h�`^[PU-VP�2V�[PU"t
V�W4ZPT�[�T�`^[

ξi = 0
]�\<a

i > 0
{�©qU��2[��0}sU�Z�`^djZ"W�dc`^[PU

L0v = (α2aijξiξj + αbiξi)e
α(x,ξ)

= (α2aijξiξj + αbiξi)e
α(x,ξ)

≥ αλeα(x,ξ),

_�aP\�v2bje�U�e�}uU�ZPT4\2\¯VPU
α ≥

(

supΩ
|b|
λ + 1

) {
� ¡8��¥�� �,S�T4U�Z�`^djZ"W�dc`^[�bj\<h±]n\<a#[�T4U�e�U"[PU"a�t-b~h�`^[�bj\<h \^]

α
bjV,`<V�]�\<d~dj\�}�V|�

α2aijξiξj + αbiξi ≥ α2λ + αbiξi.

¶2\��
α2λ + αbiξi ≥ αλ

b~t-_�d~bjU�V#[�T�`^[

αλ ≥ λ − biξi

=⇒ α ≥ 1 − 1

λ
sup
Ω

|b|

=⇒ α ≥ 1 − sup
Ω

|b|
λ

.

�4\<asZ�\<h6vwU"h�bjU"h4Z�U¯�0e�U��4h4U
b̃ = supΩ

|b|
λ

{�¶2\��2Z"djU�`^a�d~�-}uUlT�`�vwU,[�T4U,e�U�V�b~aPU�ezb~h4U�i�W�`^dgx
b~[���bg]�}sU�ZPT4\2\¯VPU

α ≥ b̃ + 1
{

¨qb~vwU"h \<W�a�ZPT4\<bjZ�U%\^]
ξ
�,b~[�bjV�Z"djU�`^a�[�T�`^[

(x, ξ) ≥ 0
]�\<a�`^d~d

x ∈ Ω
{ S�T6W4V��

\<h4U�VPU�U�V#[�T�`^[
L0v ≥ αλ

{*¶2\��4\<h4U�Z�`^h×`<VPZ�U"a�[+`^b~h�[�T�`^[

L0(u
+ + kv) ≥ f + αλk > 0

b~h
Ω+,

_�aP\�v2bje�U�e
k
bjV�ZPT4\¯V+U"h±VP\�[�T�`^[

k >
1

α
sup
Ω

|f |
λ

.

©l\|}��*[�T4U�_�aP\2\^] _�aP\6Z�U�U�e�Vz`<V
_�aPU"v6bj\<W4V
\<h4U�V|{F¶6W�_�_>\¯VPU
w := u+ + kv

T�`<Vz`
_>\¯V�b~[�b~vwU�tz`³�2b~tIW�t´b~h

Ω+ `^[,`�_�\<b~h�[ y
{�Û�h�[�T�bjV,V�b~[�W�`^[�bj\<h�}uU�T�`�vwU

[Dijw(y)] ≤ 0 =⇒ aijDijw(y) ≤ 0, biDiw(y) = 0,
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}#T�bjZPT-b~t-_�d~bjU�V
Lw ≤ 0 '

`qZ�\<h�[�a+`<e0bjZ"[�bj\<h@{u¶2\��<[�T�bjV
b~t-_�d~bjU�V
[�T4U�VPU�Z�\<h4eÀb~h4U�i6W�`^d~b~[��
\^]�[�T4U ]�\<d~dj\�}#b~h��4�

u +
e0

α
sup
Ω

|f |
λ

≤ w

≤ max
∂Ω+

w

≤ max
∂Ω+

u+ +
eαd

α
· sup

Ω

|f |
λ

≤ max
∂Ω

u+ +
eαd

α
· sup

Ω

|f |
λ

,

`^��`^b~h�}#T4U"aPU
α = b̃ + 1

`^h4e
d
bjV�[�T4U X�aPU�`<e0[�T×\^]

Ω
b~h�[�T4U(e0b~aPU�Z"[�bj\<h×\^]

ξ
{��4aP\<t

[�T4U�`^X>\|vwU¯��}uU(�4h�`^d~d~�)�wU"[

u ≤ max
∂Ω

u+ +
eαd − 1

α
· sup

Ω

|f |
λ

. �

����Ù
�<����� ¨qb~vwU"h�[�T4U�`^X>\|vwU¯��\<h4U h4U�U�e�V |b|
λ

`^h4e |f |
λ

X>\<W�h4e�U�e)]�\<a#[�T4U }uU�`^�)tz`³�6x
b~t�W�t _�a�b~h4Z"b~_�djUz[P\��¯b~vwU
`)h4\<h0xÉ[�a�b~v6bc`^d�aPU�VPW�d~[�{ÀS�T4U"h¬\<h4U
tz`��®`^_�_�d~�×[�T4U�}sU�`^�
tz`³�2b~tIW�t´_�a�b~h4Z"b~_�djU�[P\��wU"[,W�h�bji�W4U"h4U�VPV|{

� º¬E,OPJ�J�E�¾��0¾,Q>K�N#H>¿,»���E#H!¼ GÀ»P¿
S�T4U#X>U�VP[�_>\¯VPVPb~X�djU�VPZ�U"h�`^a�bj\�\<h4U�Z�`^hzT4\<_>Us]�\<a�}#T4U"hze�U�`^d~b~h���b~hz[�T4U�\<aPU"[�bjZ�`^d�m�o p
bjV
[P\�`<Z"[�W�`^d~d~�:T�`�vwU²`^h `^h�`^d~�6[�bjZ×VP\<d~W�[�bj\<hF[P\%[�T4U±U�i6W�`^[�bj\<h@{ ª X�v2bj\<W4V�d~�w�#b~[
bjVU�`<V�bjU"a
[P\%`^h�`^d~����U×` VP\<d~W�[�bj\<h e0b~aPU�Z"[�d~�'a+`^[�T4U"az[�T�`^h T�`�v6b~h���[P\®e�\¬VP\®[�T�aP\<W��¯T
b~[PV�_�aP\<_>U"a�[�bjU�V�{ �4\<a�[�W�h�`^[PU"d~�w�*[�T�bjVÀ[�W�a�h4V-\<W�[�[P\²X>UÚ_�\¯VPV�b~X�djUÚ]n\<aÀ[�T4U�oqb~a�bjZPT�djU"[
_�aP\<X�djU"t ]�\<a Ý `^_�dc`<Z�U � V,U�i6W�`^[�bj\<h±b~h±`ÀX�`^d~dÉ{
Sy\
V�[+`^a�[l\^f
�0djU"[�W4V,Z�\<h4V�bje�U"a,VP\<t
U(\<[�T4U"a,U��4`^t-_�djU�V,\^]
T�`^a�t
\<h�bjZ(]nW�h4Z"[�bj\<h4V��

• ¶6b~h4Z�U Ý `^_�dc`<Z�U � V
U�i6W�`^[�bj\<h'bjV�`²Z�\<h4V�[+`^h6[
Z�\6U��zZ"bjU"h6[
U�i�W�`^[�bj\<h@�*}uU)�2h4\�}[�T�`^[-bg]
u ∈ C3(Ω)

bjV�T�`^a�t
\<h�bjZ¯�u[�T4U"h VP\ bjV
`^d~d�b~[PV-_�`^a�[�bc`^d�e�U"a�b~v¯`^[�b~vwU�V�{
ÛÜh4e�U�U�e!�

Di(∆u) = 0 ⇐⇒ ∆(Diu) = 0.

• S�T4U"aPUI`^aPUI`^djVP\
a+`<e0bc`^d~d~��V��2t-t
U"[�a�bjZ�VP\<d~W�[�bj\<h4Vl[P\ Ý `^_�dc`<Z�U � VlU�i6W�`^[�bj\<h@{�Sy\
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e�U"a�b~vwU([�T4U�V+U¯�0djU"[
r = |x| `^h4e u(x) = g(r)

{�«¬U�Z�`^djZ"W�dc`^[PU

Diu = g′ · xi

|x| =
g′

r
· xi

∆u = Diiu = n · g′

r
+

g′′

r2
· x2

i −
g′

r3
x2

i

= n · g′

r
+ g′′ − g′

r

= (n − 1) · g′

r
+ g′′

=
(rn−1g′)′

rn−1
= 0.

S�T�bjV#b~t-_�d~bjU�V,[�T�`^[
rn−1g′(r) =

Z�\<h4V�[+`^h�[
'
b~h�[PU"�¯a+`^[�bj\<h²[�T4U"h��6bjU"dje�V

g =

{

C1r
2−n + C2 n > 2

C1 ln r + C2 n = 2
.

S�T4U�VPU�`^aPU�`^d~d6[�T4Uua+`<e0bc`^d�VP\<d~W�[�bj\<h-\^]4[�T4UuT4\<t
\<�wU"h4U�\<W4V Ý `^_�dc`<Z�U � V�U�i�W�`^[�bj\<h\<W�[PV�bje�Uq\^]y[�T4Uq\<a�b~�¯b~h@{��4\<a#V�b~t-_�d~bjZ"b~[��Ú}uUl}#b~d~d�[+`^�wU
C1 = 1

`^h4e
C2 = 0

b~h
[�T4U�`^X�\�vwU¯{

• ÛÜ[ÀbjVzU�`<V�b~d~��vwU"a�bg��U�eF[�T�`^[-[�a+`^h4V�dc`^[�b~h��%[�T4U�`^X�\�vwU±VP\<d~W�[�bj\<h4VzVP\ [�T�`^[ y
bjV

[+`^�wU"h�[P\�X�U [�T4U(h4U"} \<a�b~�¯b~h@��`^aPU�`^djVP\�T�`^a�t
\<h�bjZ(]nW�h4Z"[�bj\<h4V��
{

|x − y|2−n n > 2
C1 ln |x − y| n = 2

.

¶6b~h4Z�U [�T4U�VPUl]nW�h4Z"[�bj\<h4V,`^aPU V��2t-t
U"[�a�bjZ b~h
x
`^h4e

y
�0b~[ � V#\<X�v2bj\<W4V#[�T4U(`^X�\�vwU

`^aPUÀT�`^a�t
\<h�bjZ�}#b~[�T aPU�V�_�U�Z"[l[P\�U"b~[�T4U"a
x
\<a

y
_�aP\�v2bje�U�e

x 6= y
{(S�`^�2b~h��±`

e�U"a�b~v¯`^[�b~vwU�\^]
[�T4U�`^X>\|vwU(b~h4e0bjZ�`^[PU�V�[�T�`^[
xi − yi

|xi − yi|n
bjV,`^djV+\�T�`^a�t
\<h�bjZ¯{*©qU��2[�Z�\<h4V�bje�U"a

V (x, y) =
|y|2 − |x|2
|x − y|n =

|y|2 + |x|2 − 2xy

|x − y|n − 2x(x − y)

|x − y|n

=
1

|x − y|n−2
− 2xi(xi − yi)

|x − y|n .

S�T4UIdc`<V�[,[PU"a�t bjVqT�`^a�t
\<h�bjZ�V�b~h4Z�U�b~[qbjV,[�T4UÀe�U"a�b~v¯`^[�b~vwUI}#b~[�T²aPU�V�_�U�Z"[l[P\
yi\^] |x − y|2−n {�S�T6W4V�� v(x, y)

bjV�T�`^a�t
\<h�bjZ�b~h�X�\<[�T
x
`^h4e

y
v<`^a�bc`^X�djU�V�{
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Û�[�}u\<W�dje X�U²e0b �zZ"W�d~[�[P\�vwU"a�bg]Õ� [�T4U®`^X�\�vwU¬`³]�\<aPU"t
U"h�[�bj\<h4U�e ]nW�h4Z"[�bj\<h4V�VP\<d~vwU�e
Ý `^_�dc`<Z�U � V,U�i6W�`^[�bj\<h@�0X�W�[#[�T4U"��`^aPUqaPU�`<e0b~d~��Z�\<h4V�[�a�W4Z"[PU�e�]naP\<t V�b~t-_�djU"a�VP\<d~W�[�bj\<h4V�{
©l\|}���djU"[�W4V�Z�\<h4V�bje�U"a |y| = R

`^h4e�e�U��4h4U

ṽ(x) =

∫

|y|=R
V (x, y) dS(y).

��b~aPVP[��6b~[�bjV#Z"djU�`^a�[�T�`^[
ṽ(x)

bjV�T�`^a�t
\<h�bjZq]�\<a
x ∈ BR(0)

{*Û�h4e�U�U�eÚ]�\<a#`^h6�
����U�e
xb~h-[�T4U

BR(0)
�
V (x, y)

bjV
X�\<W�h4e�U�e!{*¶2\ }uU#tz`��Ib~h6[PU"aPZPT�`^h��wUl[�T4U Ý `^_�dc`<Z"bc`^h
}#b~[�T[�T4U,b~h6[PU"�¯a+`^d>[P\��wU"[u[�T�`^[
ṽ(x)

bjV*T�`^a�t
\<h�bjZlb~h
BR(0)

{�©qU��2[���}uUqZ"dc`^b~t [�T�`^[
ṽ(x)bjV�a+`<e0bc`^dÉ�
bÉ{ U¯{×\<h�d~�%e�U"_>U"h4e�VÀ\<h |x| {±Sy\²V�T4\|} [�T�bjVI}uU)Z�\<h4V�bje�U"a-`^h'`^a�X�b~[�a+`^a��aP\<[+`^[�bj\<h�[�a+`^h4V�]n\<a�tz`^[�bj\<h:\<h

ṽ(x)
{²¶2\<t
U"[�b~t
U�VÀ[�T�bjVIbjVIZ�`^d~djU�e'`^h�\<a�[�T4\<h4\<a�tz`^d

[�a+`^h4V§]n\<a�tz`^[�bj\<h�`<V!b~[yZ�\<a�aPU�V�_�\<h4e�V@[P\�[�T4U�[�a+`^h4V§]n\<a�tz`^[�bj\<hÀ\^]
x = Px′ �³}#T4U"aPU P

bjV
`^hÀ\<a�[�T4\<h4\<a�tz`^d0tz`^[�a�bg�)kÕaP\|}�V � Z�\<d~W�t-h4V�`^aPUu\<a�[�T4\<�w\<h�`^d0X�`<V�bjV�b~h

R
n � P T = P−1bjV,`^h4\<[�T4U"a,_�aP\<_�U"a�[��4r�{u¶2\����¯b~vwU"h�[�T4U�[�a+`^h4V§]n\<a�tz`^[�bj\<h@�4}uU�T�`�vwU

ṽ(Px) =

∫

|y|=R

|y|2 − |z|2
|Px − y|n dS(y)

=

∫

|y|=R

R2 − |z|2
|Px − y|n dS(y).

©l\|}���}uU�Z+T�`^h��wU�v¯`^a�bc`^X�djU�V�}#b~[�T
Pz = y

�

ṽ(Px) =

∫

|Pz|=R

R2 − |Px|2
|Px − Pz|n dS(Pz)

=

∫

|z|=R

R2 − |x|2
|P (x − z)|n det(P ) dS(z)

=

∫

|z|=R

R2 − |x|2
|x − z|n dS(z).

Û�h×[�T4UÀ`^X�\�vwU¯��}uUIT�`�vwUIW4VPU�e×[�T4U(]É`<Z"[,[�T�`^[qaP\<[+`^[�bj\<h4Vq\<X6v6bj\<W4VPd~�±e�\
h4\<[qZPT�`^h��wU
vwU�Z"[P\<a,tz`^�¯h�b~[�W4e�U¯{*¸ldjVP\��0}sU(�6h4\|}

det(P ) = 1
`<V

1 = det(I) = det(PP−1) =
det(P ) det(P−1) = det(P ) det(P T ) = det(P )2

{�¶2\��
ṽ(x)

bjV�aP\<[+`^[�bj\<h�`^d~d~�¬b~h0x
v<`^a�bc`^h6[�{*S�T�W4V|��}uU�Z�`^djZ"W�dc`^[PU

ṽ(0) =

∫

|y|=R
R2−n dS(y) = R2−nA(SR(0)) = nωnR.

Û�[#[�W�a�h4Vl\<W�[#[�T4U�`^X>\|vwU(aPU�V�W�d~[�bjV�v<`^d~bje)]�\<a,`^h��
x ∈ BR(0)

��[�T�bjV�Z�`^h�X�U vwU"a�bg��U�e
X���Z�`^a�a��6b~h��Ú\<W�[�[�T4U b~h�[PU"�¯a+`^[�bj\<h

'
X�W�[�[�T�bjV#bjV#a+`^[�T4U"alZ�\<t-_�d~bjZ�`^[PU�e!{

©l\|}���}uU�Z�`^h±tz`^�wU([�T4U ]�\<d~dj\�}#b~h��Úe�U��4h�b~[�bj\<h
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��Ï�
�Ö�Ô Ð|ÔÕÒ�Ö � ÌnÍ�Ì � �0�Àm�\<bjVPVP\<h��(U"a�h4U"d �

K(x, y) =
R2 − |x|2

nωnR

1

|x − y|n ,



�0���P� |y| = R �

��aP\<t [�T4Uz`^X�\�vwU¯��}uUÚ`^d~aPU�`<e0�²�2h4\�} [�T�`^[
K(x, y)

bjV(T�`^a�t
\<h�bjZzb~h
BR(0)

}#b~[�T
aPU�V�_>U�Z"[,[P\

x
{���aP\<t´[�T4U(Z�`^djZ"W�dc`^[�bj\<h±]n\<a

ṽ(x)
��}sU�`^djVP\�T�`�vwU

∫

|y|=R
K(x, y) dS(y) = 1

X���Z�\<h4V�[�a�W4Z"[�bj\<h@{*©qU��0[��0}uU(T�`�vwU
��Ï�
�Ö�Ô Ð|ÔÕÒ�Ö � ÌcË�Ì � �0�Àm�\<bjVPVP\<h²Û�h6[PU"�¯a+`^d�¢� <� x ∈ BR(0)

� ¡

w(x) =

∫

|y|=R
K(x, y)φ(y) dS(y).

��� Ï�Ò��^Ï � � Ì � Ì �Õ�s�� �(��"���n�É�8¡� �¢I� �0�(�# ¯�c¡8¡" <� 
 �������¯�§�<� ����� �^���®� �0�
� �� ��^�
¥�� ���4� �
�n�n <�

� w ∈ C∞(BR(0))∩C0(BR(0) 

�Õ� �

∆w = 0
�Õ�

BR(0) � � � ¡� 
w(x) → φ(y)�^¡

x → y ∈ ∂BR(0) �
����Ù
�<����� �#`<V�bjZ�`^d~d~�Ú\<h4U,T�`<Vu[�T�`^[

w
VP\<d~vwU�Vs[�T4Ulolb~a�bjZ+T�djU"[#_�aP\<X�djU"t ]�\<a Ý `^_�dc`<Z�U � VU�i�W�`^[�bj\<h@�

∆w = 0
b~h

BR(0)
u = φ

\<h
∂BR(0)

�s�§ | §¢ �
w ∈ C∞(BR(0))

bjVÚ\<X�v2bj\<W4VÚV�b~h4Z�U�]n\<az���0U�e
x ∈ BR(0)

�
K(x, y)

bjV
X>\<W�h4e�U�e®`^h4e²T�`^a�t
\<h�bjZ¯{��qU"h4Z�UÀ\<h tz`��±[+`^�wU�e�U"a�b~v<`^[�b~vwU�V(\^]�`^h��±\<aPe�U"a(b~h4V�bje�U
[�T4U(b~h�[PU"�¯a+`^d�kÕ[�T4U�e�U"a�b~v¯`^[�b~vwU�V�}#b~d~d�`^djVP\�X�U(}sU"d~d@X>U"T�`�vwU�e×`<V

x 6= y
]�\<a,\<W�a#����U�e

x
r�{ ¶2\���`^d~d�}sUzh4U�U�e%[P\�V�T4\|} bjV�[�T�`^[

w(x) → φ(y0)
`<V

x → y0 ∈ ∂BR(0)
{

S�`^�wUz`^h%`^a�X�b~[�a+`^a��
ε > 0

`^h4e®Z+T4\6\¯V+U
δ
VPW4ZPT®[�T�`^[ |φ(y) − φ(y0)| < ε

b~t-_�d~bjU�V
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δ

2

δ

2

x

y0

δBR(0) ∩ {|y − y0| > δ}

O

��b~�¯W�aPU �0{ µ0�

|y − y0| < δ
{ �(U�U"_�b~h��zb~h�t-b~h4e�[�T4U �4�¯W�aPU¯��}uU�Z�`^djZ"W�dc`^[PU¯�

|w(x) − φ(y0)| =

∣

∣

∣

∣

∣

∫

∂BR(0)
K(x, y)(φ(y) − φ(y0)) dS(y)

∣

∣

∣

∣

∣

≤
∫

∂BR(0)∩{|y−y0 |<δ}
|K(x, y)(φ(y) − φ(y0))| dS(y)

+

∫

∂BR(0)∩{|y−y0 |>δ}
|K(x, y)(φ(y) − φ(y0))| dS(y)

≤ ε

∫

∂BR(0)∩{|y−y0 |<δ}
|K(x, y)| dS(y)

+2 · max
∂BR(0)

φ ·
∫

∂BR(0)∩{|y−y0 |>δ}

R2 − |x|2
|x − y|n dS(y).

©l\|}���bg]u\<h4UIZ+T4\6\¯V+U�V
x
V�W4Z+T [�T�`^[ |x − y0| ≤ δ

2

�>[�T�bjVqb~t-_�d~bjU�Vl[�T�`^[ |x − y| ≥ δ
2]n\<a

y ∈ ∂BR(0) ∩ {|y − y0| > δ} {�S�T�W4V|��}uU(T�`�vwU

|w(x) − φ(y0)| ≤ ε + 2 · max
∂BR(0)
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